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This paper analyzes optimal portfolio decisions of long-horizon investors with undiversifiable
labor income risk and exogenous expected retirement and lifetime horizons.  It shows that the fraction
of savings optimally invested in stocks is unambiguously larger for employed investors than for retired
investors when labor income risk is uncorrelated with stock return risk.  This result provides support
for the popular recommendation by investment advisors that employed investors should invest in
stocks a larger proportion of their savings than retired investors.  This paper also examines the effect
of increasing labor income risk on savings and portfolio choice and finds that, when labor income risk
is independent of stock market risk, a mean-preserving increases in the variance of labor income
growth increases the investor’s willingness to save and reduce her willingness to hold the risky asset
in her portfolio.  A sensible calibration of the model shows that savings are relatively more responsive
to changes in labor income risk than portfolio demands.  Positive correlation between labor income
innovations and unexpected asset returns also reduces the investor’s willingness to hold the risky
asset, because of its poor properties as a hedge against unexpected declines in labor income.  This
paper also provides intuition on the peculiar form of optimal portfolio choice of very young investors
predicted by the standard life-cycle model.  
Luis M. Viceira
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Ilqdqfldo dgylvruv w|slfdoo| uhfrpphqg wkhlu fxvwrphuv wr lqyhvw pruh lq vwrfnv wkdq lq vdih
dvvhwv zkhq wkh| duh zrunlqj/ dqg wr vkliw wkhlu lqyhvwphqwv wrzdugv vdih dvvhwv zkhq wkh|
uhwluh +Mdjdqqdwkdq dqg Nrfkhuodnrwd 4<<9/ Pdonlho 4<<9,1 E| frqwudvw/ wkh vwdqgdug dfd0
ghplf prghov ri sruwirolr fkrlfh +Phuwrq 4<9</ 4<:4/ Vdpxhovrq 4<9<, vkrz wkdw uhwluhphqw
lv luuhohydqw iru sruwirolr ghflvlrqv li lqyhvwphqw rssruwxqlwlhv duh frqvwdqw dqg kxpdq fds0
lwdo lv wudgdeoh1 Lq wklv fdvh wkh iudfwlrq ri zhdowk rswlpdoo| lqyhvwhg lq ulvn| dvvhwv vkrxog
eh frqvwdqw ryhu wkh olihwlph ri dq lqglylgxdo1
Uhfhqw uhvhdufk/ exloglqj rq wkh slrqhhulqj zrun e| Phuwrq +4<:4,/ vkrzv wkdw wlph0ydu|lqj
lqyhvwphqw rssruwxqlwlhv uhvxow lq sruwirolr uxohv zlwk dq lqwhuwhpsrudo khgjlqj frpsrqhqw
zkrvh pdjqlwxgh ghshqgv rq wkh lqyhvwphqw krul}rq ri wkh lqyhvwru +Edogx}}l dqg O|qfk/
4<<:/ Eduehulv 4<<</ Eudqgw 4<<;/ Euhqqdq/ Vfkzduw} dqg Odjqdgr 4<<:/ Fdpsehoo dqg
Ylfhlud 4<<;/ 4<<</ Nlp dqg Rpehuj 4<<9,1 Zlwk wlph yduldwlrq lq lqyhvwphqw rssruwxqlwlhv/
uhwluhphqw dqg ghdwk sod| dq lqvwuxphqwdo uroh dv hyhqwv wkdw h{rjhqrxvo| { wkh lqglylgxdo*v
lqyhvwphqw krul}rq1
Pruh lpsruwdqwo|/ uhwluhphqw dovr pdunv wkh wlph dw zklfk lqglylgxdov vwrs zrunlqj dqg
wkhuhdiwhu pxvw olyh r wkhlu olihwlph vdylqjv dqg +srvvleo|, wudqvihuv1 Iurp wklv shuvshfwlyh/
uhwluhphqw pdwwhuv iru sruwirolr fkrlfh ehfdxvh prudo kd}dug dqg dgyhuvh vhohfwlrq sureohpv
suhyhqw prvw lqglylgxdov iurp wudglqj fodlpv djdlqvw wkhlu ixwxuh oderu lqfrph1 Wklv pdnhv
kxpdq fdslwdo d qrqwudgdeoh dvvhw zkrvh ydoxh ghshqgv rq wkh uhwluhphqw krul}rq ri wkh
lqglylgxdo/ dqg oderu lqfrph wkh |lhog rq wklv dvvhw1
Lq wkuhh lpsruwdqw sdshuv/ Erglh/ Phuwrq dqg Vdpxhovrq +4<<5,/ Khdwrq dqg Oxfdv +4<<:d,
dqg Nrr +4<<8, lqfrusrudwh qrqwudgdeoh oderu lqfrph lqwr wkh vwdqgdug lqwhuwhpsrudo prgho
ri sruwirolr fkrlfh dqg frqvxpswlrq1 Erglh/ Phuwrq dqg Vdpxhovrq +4<<5, vkrz wkdw/ zkhq
ixwxuh oderu lqfrph lv fhuwdlq/ lw lv rswlpdo iru hpsor|hg lqyhvwruv wr krog sursruwlrqdoo|
pruh vwrfnv lq wkhlu sruwirolrv wkdq lw lv iru uhwluhg lqyhvwruv1 Wklv uhvxow krogv zkhwkhu
4oderu vxsso| lv {hg ru  h{leoh1 Li oderu vxsso| lv  h{leoh/ hpsor|hg lqyhvwruv vkliw wkhlu
sruwirolrv wrzdug vwrfnv hyhq pruh djjuhvvlyho|1 Krzhyhu/ dujxdeo| ixwxuh oderu lqfrph lv
xqfhuwdlq iru prvw lqglylgxdov1 Nrr +4<<8, dqg Khdwrq dqg Oxfdv +4<<:d, lqwurgxfh ulvn|
oderu lqfrphlq frpelqdwlrq zlwk sruwirolr frqvwudlqwvlq wkhlu dqdo|vlv1 Xvlqj qxphulfdo
vlpxodwlrqv/ erwk sdshuv qg wkdw lqyhvwruv krog prvw ri wkhlu qdqfldo zhdowk lq vwrfnv/
dqg wkh| pd| hyhq vkruw wkh ulvnohvv erqg wr lqyhvw lq vwrfnv li wkh| duh qrw frqvwudlqhg1
Wkhvh sdshuv ljqruh uhwluhphqw e| dvvxplqj wkdw lqglylgxdov zrun wkhlu hqwluh olihwlph/ dqg
wkh| irfxv rqo| rq wkh fdvh lq zklfk oderu lqfrph lv xqfruuhodwhg zlwk vwrfn uhwxuqv15
Wkhuh lv dovr d odujh olwhudwxuh wkdw h{dplqhv d forvho| uhodwhg sureohp= Wkh hhfw ri d
ghwhulrudwlrq lq edfnjurxqg +ru xqglyhuvldeoh, ulvn rq wkh lqyhvwru*v zloolqjqhvv wr wdnh rq
qdqfldo ulvn1 Hhfnkrxgw/ Jroolhu dqg Vfkohvlqjhu +4<<9,/ Jroolhu dqg Sudww +4<<9,/ Nlp0
edoo +4<<6, dqg Sudww dqg ]hfnkdxvhu +4<<:, dprqj rwkhuv vkrz wkdw/ xqghu idluo| jhqhudo
frqglwlrqv rq wkh xwlolw| ixqfwlrq/ lqyhvwruv uhgxfh wkhlu kroglqjv ri ulvn| dvvhwv zkhq wkhuh
lv dq lqfuhdvh lq edfnjurxqg ulvn1 Krzhyhu/ wklv zrun irfxvhv rq wzr0shulrg prghov/ zklfk
e| frqvwuxfwlrq ljqruh hqgrjhqrxv zhdowk dffxpxodwlrq16 Lq d pruh uhdolvwlf prgho zlwk
vdylqjv/ wkh lqyhvwru kdv wzr lqvwuxphqwv dydlodeoh wr zhdwkhu lqfuhdvhg lqfrph xqfhuwdlqw|=
Wr vdyh pruh dqg2ru wr uhgxfh khu h{srvxuh wr sruwirolr ulvn1 Hophqgrui dqg Nlpedoo +4<<<,
dqg Nrr +4<<8, dgguhvv wklv lvvxh lq prghov wkdw lqwhjudwh wkh vdylqjv dqg sruwirolr ghflvlrq1
Nrr +4<<8, vkrzv qxphulfdoo| wkdw dq lqfuhdvh lq wkh yduldqfh ri shupdqhqw lqfrph vkrfnv
ohdgv wr d uhgxfwlrq lq erwk wkh rswlpdo sruwirolr doorfdwlrq wr vwrfnv dqg wkh frqvxpswlrq0
oderu lqfrph udwlr ri srzhu xwlolw| lqyhvwruv1 Zkhq lqfrph vkrfnv duh rqo| whpsrudu|/ kh
5Phuwrq +4<::, dqg Zhlo +4<<7, gr frqvlghu wkh hhfw rq sruwirolr fkrlfh ri d qrq0}hur fruuhodwlrq
ehwzhhq oderu lqfrph dqg vwrfn uhwxuqv/ exw wkh| xvh d wzr0shulrg prgho wkdw ljqruhv wkh vdylqjv ghflvlrq1
Vyhqvvrq dqg Zhuqhu +4<<6, duh deoh wr fkdudfwhul}h dqdo|wlfdoo| wkh rswlpdo srolflhv1 Krzhyhu/ wkh| vroyh
wkh prgho rqo| zkhq lqyhvwruv kdyh frqvwdqw devroxwh ulvn dyhuvlrq zklfk lpsolhv/ frxqwhuidfwxdoo|/ d }hur
zhdowk hodvwlflw| ri ulvn| lqyhvwphqw1
6Zlwk wkh h{fhswlrq ri Hhfnkrxgw/ Jroolhu dqg Vfkohvlqjhu +4<<9,/ wkh| dovr frqvlghu irupv ri ghwhulrudwlrq
lq edfnjurxqg ulvn wkdw gr qrw vhhp yhu| dsshdolqj lq wkh frqwh{w ri oderu lqfrph ulvn/ ehfdxvh wkh| doorz
oderu lqfrph wr eh qhjdwlyh1
5qgv wkdw wkh hhfw rq sruwirolr fkrlfh dqg frqvxpswlrq lv qhjoljleoh71 Xvlqj d wzr0shulrg
prgho wkdw doorzv iru hqgrjhqrxv frqvxpswlrq lq wkh uvw shulrg/ Hophqgrui dqg Nlpedoo
+4<<<, vkrz wkdw Nrr*v vlpxodwlrq uhvxowv rq sruwirolr fkrlfh krog iru dq| xwlolw| ixqfwlrq
wkdw h{klelwv ghfuhdvlqj devroxwh ulvn dyhuvlrq dqg ghfuhdvlqj devroxwh suxghqfh lq wkh vhqvh
ri Nlpedoo +4<<3,/ zkloh wkh uhvxowv rq vdylqjv uhtxluh vwulfwhu frqglwlrqv rq wkh xwlolw|
ixqfwlrqzklfk duh dovr vdwlvhg e| srzhu xwlolw|1
Wklv sdshu h{whqgv wkh suhylrxv olwhudwxuh lq wkuhh gluhfwlrqv1 Iluvw/ lw lqfrusrudwhv uhwluh0
phqw lqwr d g|qdplf prgho ri rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh zlwk xqlqvxudeoh
oderu lqfrph ulvn1 Vhfrqg/ lw h{soruhv wkh delolw| ri vwrfnv wr khgjh frqvxpswlrq iurp xq0
h{shfwhg idoov lq oderu lqfrph zkhq ulvn| oderu lqfrph ulvn lv fruuhodwhg exw qrw shuihfwo|
fruuhodwhg zlwk vwrfn uhwxuqv1 Wklug/ lw ghulyhv dq dssur{lpdwh dqdo|wlfdo vroxwlrq ri wkh
prgho1 Wklv dqdo|wlfdo vroxwlrq jlyhv xv hfrqrplf lqvljkw lqwr wkh qdwxuh ri wkh sureohp dqg
lw juhdwo| idflolwdwhv frpsdudwlyh vwdwlfv dqdo|vlv dqg fdoleudwlrq h{huflvhv1 Wklv lv sduwlfx0
oduo| xvhixo wr xqghuvwdqg wkh hhfwv ri dq xqfrpshqvdwhg lqfuhdvh lq oderu lqfrph ulvn rq
vdylqjv dqg sruwirolr ghflvlrqv1
Wr dgguhvv wkhvh txhvwlrqv/ wkh sdshu exlogv d vwdwlrqdu| prgho lq zklfk lw lv srvvleoh
wr h{soruh olih0f|foh hhfwv rq sruwirolr fkrlfh dqg vdylqjv/ zkloh suhvhuylqj wkh dqdo|wlfdo
dgydqwdjhv ri lqqlwh0krul}rq prghov1 Uhwluhphqw lv ghqhg dv d shupdqhqw }hur0oderu
lqfrph hslvrgh18 Wkxv wkh lqglylgxdo kdv d vwurqj prwlyh wr vdyh iru uhwluhphqw1 Wr jhqhudwh
d qlwh uhwluhphqw krul}rq dqg d qlwh h{shfwhg olihwlph diwhu uhwluhphqw/ wkh prgho iroorzv
Eodqfkdug +4<;8, dqg dvvxphv wkdw uhwluhphqw dqg ghdwk diwhu uhwluhphqw rffxu udqgrpo|
zlwk frqvwdqw suredelolwlhv1 Wkh lqyhuvh ri wkhvh suredelolwlhv duh hhfwlyho| wkh lqyhvwru*v
h{shfwhg uhwluhphqw krul}rq dqg h{shfwhg olihwlph diwhu uhwluhphqw1 Wklv ghylfh lv vx!flhqw
wr fdswxuh wkh glhuhqfhv lq wkh ehkdylru ri uhwluhg dqg hpsor|hg lqyhvwruv1 Pruhryhu/ e|
7Ohwhqguh dqg Vplwk +4<<;, fruurerudwh wklv uhvxow1
8Dowhuqdwlyho|/ zh fdq dvvxph wkdw li wkh lqyhvwru uhfhlyhv wudqvihuv dw uhwluhphqw/ wkh| duh qrw odujh
hqrxjk wr nhhs wkh lqyhvwru*v pdujlqdo xwlolw| ri frqvxpswlrq iurp ehlqj lqqlwho| odujh li khu frqvxpswlrq
lv olplwhg wr wkhvh wudqvihuv1
6frpsdulqj wkh rswlpdo doorfdwlrqv ri lqyhvwruv zlwk glhuhqw uhwluhphqw krul}rqv/ lw lv srvvleoh
wr xqghuvwdqg sruwirolr doorfdwlrqv ryhu wkh olih0f|foh ehfdxvh/ li glvfrxqw udwhv dqg wkh
h{shfwhg jurzwk udwh ri oderu lqfrph duh frqvwdqw ryhu wkh olih0f|foh/ wkh lqyhvwru*v uhwluhphqw
krul}rq lv uhohydqw iru khu sruwirolr ghflvlrqv rqo| lq wkdw lw ghwhuplqhv khu uhpdlqlqj kxpdq
fdslwdo19
Ehfdxvh lq wklv prgho oderu lqfrph lv ulvn| dqg qrw shuihfwo| fruuhodwhg zlwk vwrfn uhwxuqv/
lw lv qrw srvvleoh wr ghulyh dq h{dfw dqdo|wlfdo vroxwlrq1 Krzhyhu/ iroorzlqj Fdpsehoo +4<<6,
dqg Fdpsehoo dqg Ylfhlud +4<<<,/ zh fdq qg dq dssur{lpdwh dqdo|wlfdo vroxwlrq1 Wklv
vroxwlrq rewdlqv diwhu orj0olqhdul}lqj wkh exgjhw frqvwudlqw dqg wkh Hxohu htxdwlrqv ri wkh
sureohp/ dqg xvlqj wkh phwkrg ri xqghwhuplqhg frh!flhqwv wr vroyh iru srolf| ixqfwlrqv wkdw
yhuli| wkhp1 Wkh Hxohu htxdwlrqv duh uhsodfhg e| d vhfrqg rughu h{sdqvlrq/ vr wkdw vhfrqg0
prphqw hhfwv vxfk dv suhfdxwlrqdu| vdylqjv hhfwv duh dffrxqwhg iru lq wkh vroxwlrq1 Wkh
dssur{lpdwh vroxwlrq krogv h{dfwo| lq wkh fdvh zkhuh oderu lqfrph lqqrydwlrqv duh shuihfwo|
srvlwlyho| fruuhodwhg zlwk xqh{shfwhg vwrfn uhwxuqv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq LL vshflhv wkh prgho dqg h{sodlqv wkh dssur{l0
pdwh dqdo|wlfdo vroxwlrq phwkrg1 Vhfwlrqv LLL dqg LY glvfxvv wkh rswlpdo frqvxpswlrq dqg
sruwirolr doorfdwlrqv ri uhwluhg dqg hpsor|hg lqyhvwruv1 Vhfwlrq Y suhvhqwv d fdoleudwhg h{0
dpsoh wkdw looxvwudwhv wkh surshuwlhv ri wkh vroxwlrq xvlqj hpslulfdoo| sodxvleoh sdudphwhu
ydoxhv1 Vhfwlrq YL xvhv wkh prgho wr xqghuvwdqg wkh hhfwv ri lqfuhdvlqj oderu lqfrph ulvn
rq vdylqjv dqg sruwirolr fkrlfh1 Vhfwlrq YLL uhsruwv uhvxowv rq wkh qxphulfdo dffxudf| ri wkh
dssur{lpdwh dqdo|wlfdo vroxwlrq1 Ilqdoo|/ Vhfwlrq YLLL frqfoxghv1
9Lq d uhfhqw sdshu/ Jhuwohu +4<<:, dujxhv wkdw wklv ghylfh fdq eh xvhg wr fdswxuh olih0f|foh ehkdylru zkloh
gholyhulqj dq dqdo|wlfdoo| wudfwdeoh prgho1
7LL D G|qdplf Prgho ri Sruwirolr Fkrlfh dqg Vdylqjv
LL14 Vshflfdwlrq ri wkh Prgho
LL1414 Dvvxpswlrqv rq oderu lqfrph dqg kxpdq fdslwdo
Oderu lqfrph lv xqlqvxudeoh1 Wkdw lv/ wkh lqyhvwru fdqqrw zulwh fodlpv djdlqvw khu ixwxuh
oderu hduqlqjv1 L dovr dvvxph wkdw oderu lqfrph lv h{rjhqrxv ru/ htxlydohqwo|/ wkdw oderu lv
vxssolhg lqhodvwlfdoo| dqg wkhuh lv qr hqgrjhqrxv kxpdq fdslwdo dffxpxodwlrq1 Krzhyhu/ wkh
dvvxpswlrqv rq oderu lqfrph dqg lqyhvwphqw rssruwxqlwlhv +vshflhg ixuwkhu ehorz, lpso|
wkdw oderu lqfrph lv shuihfwo| fruuhodwhg zlwk wkh ydoxh ri kxpdq fdslwdo/ dqg wkh uhwxuq rq
kxpdq fdslwdo lv jlyhq e| wkh shufhqw fkdqjh lq oderu lqfrph +Idpd dqg Vfkzhuw/ 4<::,1
Wkhuh duh wzr vwdwhv iru oderu lqfrph wkdw rffxu zlwk frqvwdqw suredelolwlhv/ hpsor|phqw dqg
uhwluhphqw1 Wkh hpsor|phqw vwdwh rffxuv zlwk suredelolw| Ze1 Lq wklv vwdwh/ wkh lqglylgxdo
uhfhlyhv d uhdol}dwlrq ri wkh lqfrph surfhvv1 Wkh uhwluhphqw vwdwh rffxuv zlwk suredelolw|
Zo ' Ze/ zlwk f 	Z o 	 c dqg lw lv luuhyhuvleoh= Li wklv vwdwh rffxuv/ oderu lqfrph lv vhw
wr }hur iruhyhu1 Diwhu uhwluhphqw/ wkh lqglylgxdo idfhv hdfk shulrg d frqvwdqw suredelolw| ri
ghdwk Z_1
Lq wkh hpsor|phqw vwdwh/ oderu lqfrph lv vxemhfw wr shupdqhqw/ pxowlsolfdwlyh vkrfnv1 Rqh
vlpsoh surfhvv wkdw fdswxuhv wkhvh vkrfnv lv wkh iroorzlqj=





zkhuh 1|n￿  UU(Efcj 2
1 dqg lqghshqghqw ri wkh vwdwh iru oderu lqfrph1 Wklv prgho lv
edvhg rq Fduuroo*v +4<<:, prgho iru oderu lqfrph/ h{fhsw wkdw lw ljqruhv wudqvlwru| vkrfnv
wr oderu lqfrph1 Wkh hpslulfdo hylghqfh dydlodeoh vxjjhvwv wkdw lqglylgxdo oderu lqfrph lv
vxemhfw wr erwk shupdqhqw dqg wudqvlwru| vkrfnv +PdFxug|/ 4<;5/ Derzg dqg Fdug 4<;</
Fduuroo 4<<5,1 Krzhyhu/ d yhuvlrq ri wklv prgho +Ylfhlud/ 4<<;, wkdw lqfoxghv wudqvlwru|
vkrfnv vkrzv wkdw wkh| kdyh yhu| olwwoh lpsdfw rq wkh uhodwlrqvkls ehwzhhq uhwluhphqw krul}rq
dqg dvvhw doorfdwlrq1
8LL1415 Dvvxpswlrqv rq wkh lqyhvwphqw rssruwxqlw| vhw
Wr irfxv rq wkh hhfwv ri oderu lqfrph xqfhuwdlqw| rq sruwirolr fkrlfh/ dqg wr nhhs wkh
dqdo|vlv vlpsoh/ L dvvxph wkdw wkh lqyhvwphqw rssruwxqlw| vhw lv frqvwdqw1 Wkhuh duh wzr
wudgdeoh qdqfldo dvvhwv= Dvvhw  lv ulvn|/ zlwk rqh0shulrg orj +frqwlqxrxvo| frpsrxqghg,
uhwxuq jlyhq e| o￿c|n￿>d v v h ws lv ulvnohvv/ zlwk frqvwdqw orj uhwxuq jlyhq e| os1 L zloo uhihu wr
dvvhw  dv vwrfnv/ dqg wr dvvhw s dv fdvk1 Wkh h{shfwhg h{fhvv orj uhwxuq rq wkh ulvn| dvvhw
lv frqvwdqw/ zlwk
,| o￿c|n￿  os ' >
Wkh xqh{shfwhg orj uhwxuq rq wkh ulvn| dvvhw/ ghqrwhg e| |n￿/ lv frqglwlrqdoo| krprvnhgdvwlf
dqg vhuldoo| xqfruuhodwhg/ wkrxjk lw pd| eh frqwhpsrudqhrxvo| fruuhodwhg zlwk lqqrydwlrqv







' j1￿  +5,
Ilqdoo|/ L dovr dvvxph wkdw lqqrydwlrqv lq wkh ulvn| dvvhw uhwxuq duh lqghshqghqw ri wkh vwdwh
iru oderu lqfrph1 Wklv dvvxpswlrq lv lqqrfxrxv li zh lqwhusuhw wkh uhwluhphqw vwdwh olwhudoo|
dv uhwluhphqw iru djh ru shupdqhqw glvdelolw| uhdvrqv/ ehfdxvh zh pd| vdiho| uhjdug wkhvh
hslvrghv dv frpsohwho| lglrv|qfudwlf/ l1h1 lqghshqghqw ri wkh exvlqhvv f|foh1:
LL1416 Dvvxpswlrqv rq suhihuhqfhv dqg wlph krul}rq
Wkh lqyhvwru*v suhihuhqfhv duh ghvfulehg e| d vwdqgdug/ wlph vhsdudeoh/ srzhu lqvwdqwdqhrxv







:Krzhyhu/ li zh wklqn ri wkh uhwluhphqw vwdwh dv dq hslvrgh ri shupdqhqw xqhpsor|phqw iru hfrqrplf
uhdvrqv/ zh pd| zdqw wr frqvlghu d prgho lq zklfk wkh suredelolw| ri vxfk dq hyhqw lv fruuhodwhg zlwk
lqqrydwlrqv lq wkh ulvn| dvvhw1
9zkhuh :f lv wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq dqg * lv wkh hodvwlflw| ri lqwhuwhpsr0
udo vxevwlwxwlrq ri frqvxpswlrq1 Wkh lqyhvwru*v glvfrxqw idfwru lv B1 Vkh lv lqqlwho|0olyhg1
Krzhyhu/ d srvlwlyh suredelolw| ri uhwluhphqw hhfwlyho| vkruwhqv khu krul}rq lq wkh hpsor|0
phqw vwdwh wr *Zo shulrgv/ dqg d srvlwlyh suredelolw| ri ghdwk pdnhv khu h{shfwhg olihwlph
diwhu uhwluhphqw htxdo wr *Z_ shulrgv1
LL1417 Wkh sureohp
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c +7,
vxemhfw wr wkh lqwhuwhpsrudo exgjhw frqvwudlqw
`|n￿ 'E `| n t|  |-Rc|n￿c +8,
zkhuh `|n￿ lv qdqfldo zhdowk/ ghqhg dv wkh ydoxh dw wkh ehjlqqlqj ri E| n ri qdqfldo
dvvhwv fduulhg ryhu iurp shulrg |/d q g`| n t|  | lv vdylqjv/ ghqhg dv wkh ydoxh ri
qdqfldo dvvhwv khog dw wlph | diwhu uhfhlylqj d uhdol}dwlrq ri oderu lqfrph dqg vxevwudfwlqj
wkh vshqglqj lq frqvxpswlrq iru wkdw shulrg1 Wkh rqh0shulrg uhwxuq rq vdylqjv lv jlyhq e|
-Rc|n￿ ' k| E-￿c|n￿  -sn-s c +9,
zkhuh -￿c|n￿ 'i  Tio￿c|n￿j/ -s 'i  Tiosj/d q gk| lv wkh sursruwlrq ri vdylqjv lqyhvwhg lq
wkh ulvn| dvvhw dw wlph |1
Ghshqglqj rq wkh uhdol}hg vwdwh iru t|/ wkhuh duh wzr srvvleoh vhwv ri uvw rughu frqglwlrqv







































zkhuh  ' cs cR / B
e  B/d q gB
o 'E ZoB1 Qrwh wkdw wkh hhfw ri lqwurgxflqj dq h{shfwhg
qlwh olihwlph diwhu uhwluhphqw lv htxlydohqw wr prgli|lqj wkh lqyhvwru*v glvfrxqw idfwru lq wkh
uhwluhphqw vwdwh1 Wkurxjkrxw wkh sdshu/ d vxshuvfulsw r ' eco rq d yduldeoh ghqrwhv wkh
oderu lqfrph vwdwh wkdw ghwhuplqhv wkh ydoxh ri wkdw yduldeoh1;
LL15 Orj0Olqhdu Dssur{lpdwh Vroxwlrq Phwkrg
Wkhuh duh qrw h{dfw forvhg0irup vroxwlrqv iru wklv lqwhuwhpsrudo rswlpl}dwlrq sureohp/ h{fhsw
zkhq wkh uhwluhphqw vwdwh rffxuv1 Lq wklv fdvh/ wkh sureohp uhgxfhv wr wkdw ri fkrrvlqj
rswlpdo frqvxpswlrq dqg sruwirolr srolflhv zkhq wkh lqyhvwphqw rssruwxqlw| lv frqvwdqw/ d
fodvvlfdo sureohp lq qdqfldo hfrqrplfv iru zklfk wkhuh lv d zhoo0nqrzq forvhg0irup vroxwlrq
+Vdpxhovrq 4<9</ Phuwrq 4<9<,1
Wr vroyh iru wkh rswlpdo srolflhv lq wkh hpsor|phqw vwdwh zh fdq xvh qxphulfdo phwkrgv/ lq
wkh vslulw ri wkh prghuq frqvxpswlrq olwhudwxuh +Ghdwrq 4<<4/ Fduuroo 4<<9/ 4<<:/ Jrxulqfkdv
dqg Sdunhu 4<<8, dqg wkh lqqlwh krul}rq prghov ri sruwirolr fkrlfh zlwk xqlqvxudeoh oderu
lqfrph +Nrr 4<<9/ Khdwrq dqg Oxfdv 4<<:d,1 Dowhuqdwlyho|/ zh fdq iroorz Fdpsehoo dqg
Ylfhlud +4<<<, dqg qg dq dssur{lpdwlrq wr wkh sureohp wkdw fdq eh vroyhg xvlqj wkh phwkrg
ri xqghwhuplqhg frh!flhqwv1 Wklv sdshu suhvhqwv d vroxwlrq wr wkh sureohp edvhg rq wklv
phwkrgrorj|1 Vhfwlrq YLL frpsduhv wklv vroxwlrq zlwk d qxphulfdo vroxwlrq1
Wkh vroxwlrq phwkrg surfhhgv lq wkuhh vwhsv1 Iluvw/ lw uhsodfhv wkh exgjhw frqvwudlqw dqg wkh
Hxohu htxdwlrqv ri wkh sureohp iru orj0olqhdu dssur{lpdwlrqv durxqg wkh vwdwlrqdu| vwdwh>
lq sduwlfxodu/ lw dssur{lpdwhv wkh Hxohu htxdwlrqv xvlqj d vhfrqg rughu h{sdqvlrq vr wkdw
;Qrwh wkdw iru vrph yduldeohv wkh wlplqj ri wkh yduldeoh dqg wkh wlplqj ri v duh glhuhqw1 Iru h{dpsoh/
w k hu h w x u qr q q d q f l d oz h d o w kd ww l p hw .4ghshqgv rq wkh sruwirolr ghflvlrqv pdgh dw wlph w/v rUs>w.4
ghshqgv rq wkh uhdol}hg vwdwh iru oderu lqfrph dw w1
;vhfrqg0prphqw hhfwv vxfk dv suhfdxwlrqdu| vdylqjv hhfwv duh dffrxqwhg iru lq wkh vroxwlrq1
Vhfrqg/ lw orrnv iru rswlpdo frqvxpswlrq dqg sruwirolr srolflhv wkdw yhuli| wkhvh orj0olqhdu
htxdwlrqv1 Ilqdoo|/ lw lghqwlhv wkh frh!flhqwv ri wkh rswlpdo srolflhv xvlqj wkh phwkrg ri
xqghwhuplqhg frh!flhqwv1
Zh fdq orj0olqhdul}h wkh sureohp ehfdxvh wkh dvvxpswlrqv rq suhihuhqfhv/ oderu lqfrph dqg
wkh lqyhvwphqw rssruwxqlw| vhw hqvxuh wkdw dorqj wkh rswlpdo sdwk qdqfldo zhdowk +`|,/
vdylqjv +`| n t|  |, dqg frqvxpswlrq duh vwulfwo| srvlwlyh/ dqg wkh vwdwh yduldeoh/ wkh
orj udwlr ri qdqfldo zhdowk wr oderu lqfrph +` e
| *t|, lv vwdwlrqdu|1< Ehfdxvh wkh pdujlqdo
xwlolw| ri frqvxpswlrq dssurdfkhv n4 zkhq frqvxpswlrq dssurdfkhv }hur/ dqg hdfk shulrg
wkhuh lv d vwulfwo| srvlwlyh suredelolw| ri d shupdqhqw }hur0oderu lqfrph hyhqw/ wkh lqyhvwru
zloo rswlpdoo| fkrrvh sruwirolr dqg frqvxpswlrq0vdylqjv uxohv wr hqvxuh vwulfwo| srvlwlyh
frqvxpswlrq qh{w shulrg1 Wklv lpsolhv wkdw zh pxvw kdyh ` e
|n￿ : f dqg `| n t|  e
| : f/
vr wkdw wkh orj ri wkhvh remhfwv lv ghqhg143 Vlploduo|/ lq wkh uhwluhphqw vwdwh zh pxvw
dovr kdyh `o
|n￿ : f dqg `|  o
| : f1 Wkdw lv/ wkhuh lv qr eruurzlqj wr qdqfh fxuuhqw
frqvxpswlrq dorqj wkh rswlpdo sdwk1
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e n 4
e
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e
Rc|n￿c +<,
zkhuh orzhufdvh ohwwhuv ghqrwh yduldeohv lq orjv/ { ghqrwhv wkh uvw0glhuhqfh rshudwru dqg
&e/ 4e
￿ dqg 4e
S duh orj0olqhdul}dwlrq frqvwdqwv jlyhq lq dsshqgl{ D11 Wkhvh frqvwdqwv ghshqg
rqo| rq wkh orqj0whup phdqv ri wkh orj zhdowk0lqfrph udwlr dqg wkh orj frqvxpswlrq0lqfrph
udwlr/ durxqg zklfk wkh orj0olqhdu exgjhw frqvwudlqw lv dssur{lpdwhg1
Lq wkh uhwluhphqw vwdwh zh kdyh t| 'firu doo |/ dqg wkh lqwhuwhpsrudo exgjhw frqvwudlqw
uhgxfhv wr ` o
|n￿ 'E `|  o
|-o
Rc|n￿1 Iroorzlqj Fdpsehoo +4<<6, zh fdq zulwh wklv exgjhw
<Dsshqgl{ E vkrzv wkdw orj+Zh
w @\w, lv vwdwlrqdu| dorqj wkh rswlpdo sdwk1
43Qrwh wkdw wkh lqwhuwhpsrudo exgjhw frqvwudlqw lpsolhv wkdw Zh
w . \w  Fh
w A 3 lv d qhfhvvdu| frqglwlrq
iru qh{w0shulrg*v qdqfldo zhdowk wr eh srvlwlyh1
44Vhh Dsshqgl{ D iru wkh ghulydwlrq ri doo wkh dssur{lpdwlrqv1
<frqvwudlqw lq orj0olqhdu irup dv=

o









S dqg &o duh orj0olqhdul}dwlrq frqvwdqwv jlyhq lq dsshqgl{ D1 Lw lv lpsruwdqw wr qrwh
wkdw +43, krogv h{dfwo|/ ehfdxvh wkh rswlpdo frqvxpswlrq0zhdowk udwlr lv frqvwdqw lq wkh
uhwluhphqw vwdwh +vhh Sursrvlwlrq 4,1
Fdpsehoo dqg Ylfhlud +4<<<, ghulyh dq dssur{lpdwh h{suhvvlrq iru wkh orj uhwxuq rq qdqfldo















zkhuh r ' eco1 Frpelqlqj +<, ru +43, dqg +44, zh rewdlq d orj exgjhw frqvwudlqw zklfk lv
olqhdu lq erwk dvvhw uhwxuqv dqg oderu lqfrph1
Wkh Hxohu htxdwlrqv +:, dqg +;, duh kljko| qrq0olqhdu1 Krzhyhu/ zh fdq qg orj0olqhdu

























iru  ' cs cR 1 Wklv orj Hxohu htxdwlrq krogv h{dfwo| ehfdxvh frqvxpswlrq jurzwk dqg
uhwxuqv duh mrlqwo| frqglwlrqdoo| orjqrupdo lq wkh uhwluhphqw vwdwh1
Wkh orj0olqhdu dssur{lpdwlrq wr wkh Hxohu htxdwlrq lq wkh hpsor|phqw vwdwh lv ghulyhg lq































iru  ' cs cR 1 Wkh orj0olqhdu Hxohu htxdwlrq +46, lv htxdo wr wkh suredelolw|0zhljkwhg vxp
ri wkh orj0olqhdu Hxohu htxdwlrqv zh zrxog rewdlq li wkh qh{w0shulrg vwdwh iru oderu lqfrph
zhuh nqrzq lq dgydqfh1
Zh fdq qrz xvh wklv dssdudwxv wr fkdudfwhul}h wkh lqyhvwru*v dssur{lpdwh rswlpdo frqvxps0
wlrq dqg sruwirolr uxohv lq hdfk vwdwh1 Vlqfh wkh uhwluhphqw vwdwh lv luuhyhuvleoh/ wkh rswlpdo
43srolflhv lq wklv vwdwh duh lqghshqghqw ri wkrvh lq wkh hpsor|phqw vwdwh1 E| frqwudvw/ lq wkh
hpsor|phqw vwdwh wkh lqyhvwru pxvw wdnh lqwr dffrxqw khu uhwluhphqw krul}rq zkhq ghflglqj
krz pxfk wr vdyh dqg krz pxfk ri khu vdylqjv wr sxw lq wkh ulvn| dvvhw1 Wkhuhiruh/ L uvw
vwdwh wkh rswlpdo srolflhv lq wkh uhwluhphqw vwdwh dqg wkhq surfhhg wr vwdwh wkrvh lq wkh
hpsor|phqw vwdwh1
LLL Rswlpdo Frqvxpswlrq dqg Sruwirolr Fkrlfh ri Uh0
wluhg Lqyhvwruv
Zkhq wkh uhwluhphqw vwdwh rffxuv/ oderu lqfrph lv vhw wr }hur iruhyhu dqg wkh lqyhvwru pxvw
olyh r khu qdqfldo zhdowk xqghu frqvwdqw lqyhvwphqw rssruwxqlwlhv1 Wkh lqyhvwru wkhq
idfhv d ghflvlrq sureohp fodvvlfdo lq qdqfldo hfrqrplfv/ iru zklfk dq h{dfw forvhg irup
vroxwlrq h{lvwv +Vdpxhovrq 4<9</ Phuwrq 4<9<,1 Lq wklv fdvh wkh vroxwlrq phwkrg ghvfulehg
deryh surgxfhv wkh h{dfw vroxwlrq xs wr wkh glvfuhwh0wlph dssur{lpdwlrq wr wkh orj uhwxuq
rq zhdowk=






















































Surri1 Vhh dsshqgl{ E1
44Sursrvlwlrq 4 vkrzv wkdw rswlpdo orj frqvxpswlrq ri uhwluhg lqyhvwruv lv d olqhdu ixqfwlrq
ri zhdowk1 Wkh vorsh ri wklv ixqfwlrq/ Ko
￿/ lv wkh hodvwlflw| ri frqvxpswlrq zlwk uhvshfw wr
qdqfldo zhdowk1 Wklv hodvwlflw| lv h{dfwo| rqh lq wkh uhwluhphqw vwdwh/ lpso|lqj d frqvwdqw
frqvxpswlrq0zhdowk udwlr1 Htxdwlrq +49, jlyhv wkh orj ri wklv udwlr1
Wkh zhdowk hodvwlflw| ri frqvxpswlrq dovr hqwhuv htxdwlrq +48,/ zklfk ghvfulehv wkh rswlpdo
sruwirolr srolf| lq wkh uhwluhphqw vwdwh/ ko1 L fkrrvh qrw wr vxevwlwxwh Ko
￿ 'lqwr wkh htxdwlrq
iru ko wr hpskdvl}h wkh lpsruwdqfh ri wklv hodvwlflw| iru sruwirolr fkrlfh1 Lq sduwlfxodu/
wkh surgxfw ri wkh zhdowk hodvwlflw| ri frqvxpswlrq wlphv wkh uhodwlyh ulvn dyhuvlrq ri wkh
lqvwdqwdqhrxv xwlolw| ixqfwlrq ghwhuplqhv wkh uhodwlyh ulvn dyhuvlrq ri wkh ydoxh ixqfwlrq1
Wklv iroorzv lpphgldwho| iurp wkh idploldu wh{werrn htxdwlrq a‘‘*a‘ ' EL￿￿*L￿‘/
















+Khuh L iroorz vwdqgdug qrwdwlrq/ vr wkdw a ghqrwhv wkh ydoxh ixqfwlrq dqg vxevfulswv ghqrwh
sduwldo ghulydwlyhv,1
Htxdwlrq +48, vkrzv wkh zhoo0nqrzq uhvxow wkdw wkh rswlpdo iudfwlrq ri vdylqjv lqyhvwhg lq
wkh ulvn| dvvhw lv sursruwlrqdo wr wkh ulvn suhplxp dqg wkh uhflsurfdo ri wkh uhodwlyh ulvn
dyhuvlrq ri wkh ydoxh ixqfwlrq1 Vlqfh wkh lqyhvwphqw rssruwxqlw| vhw lv frqvwdqw/ dqg wkh
uhwluhg lqyhvwru grhv qrw idfh oderu lqfrph ulvn/ wkhuh lv qr khgjlqj frpsrqhqw lq ko1I r u
wklv uhdvrq/ wklv sruwirolr uxoh lv riwhq fdoohg wkh p|rslf sruwirolr uxoh lq wkh olwhudwxuh rq
sruwirolr fkrlfh1
Wkh h{suhvvlrq iru Ko
f lq htxdwlrq +49, fkdudfwhul}hv wkh frqvwdqw frqvxpswlrq0zhdowk udwlr ri
uhwluhg lqyhvwruv1 Lw vkrzv wkdw frqvxpswlrq uhodwlyh wr zhdowk lv lqfuhdvlqj lq wkh lqyhvwru*v
glvfrxqw udwh +*L}B,1 Lw lv dovr lqfuhdvlqj lq wkh h{shfwhg uhwxuq rq zhdowk iru uhwluhg
lqyhvwruv zkrvh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq +*, lv vpdoohu wkdq wkh zhdowk
hodvwlflw| ri frqvxpswlrq1 Iru wkhvh lqyhvwruv/ wkh lqfrph hhfw ri dq lqfuhdvh lq wkh h{shfwhg
45Vhh Phuwrq +4<:6,/ htxdwlrq +4:,1 Phuwrq qrwhv wkdw wklv iroorzv lpphgldwho| iurp wkh hqyhorsh frqgl0
wlrq MZ @ XF1
45uhwxuq rq qdqfldo zhdowk grplqdwhv wkh vxevwlwxwlrq hhfw dqg wkh| fkrrvh wr frqvxph wkh
h{wud zhdowk1 E| frqwudvw/ iru wkrvh lqyhvwruv iru zkrp * : Ko
￿/ wkh vxevwlwxwlrq hhfw
grplqdwhv/ dqg wkh| fkrrvh wr vdyh pruh dqg wdnh dgydqwdjh ri wkh lpsuryhphqw lq wkh
lqyhvwphqw rssruwxqlw| vhw1 Ilqdoo|/ wkhuh lv dovr suhfdxwlrqdu| vdylqjv hhfw rq Ko
f jlyhq e|
wkh yduldqfh whup lq +49,1 Wklv pdjqlwxgh ri wklv hhfw lv sursruwlrqdo wr wkh frh!flhqw ri
uhodwlyh ulvn dyhuvlrq dqg wkh zhdowk hodvwlflw| ri frqvxpswlrq1
LY Rswlpdo Frqvxpswlrq dqg Sruwirolr Fkrlfh ri Hp0
sor|hg Lqyhvwruv
Jlyhq wkh rswlpdo uxohv lq wkh uhwluhphqw vwdwh/ zh fdq qrz vroyh iru wkh rswlpdo uxohv lq
wkh hpsor|phqw vwdwh1
























zkhuh f 	K e
￿ 	 / Ke
f lv d frqvwdqw jlyhq lq +53, dqg K￿ ' ZeKe
￿ nE  Ze1
Surri1 Vhh dsshqgl{ E1
Sursrvlwlrq 5 vkrzv wkdw wkh rswlpdo sruwirolr uxoh lq wkh hpsor|phqw vwdwh ghshqgv rq wkh
sdudphwhuv ri wkh frqvxpswlrq ixqfwlrq/ vr lw lv qrw srvvleoh wr xqghuvwdqg rswlpdo sruwirolr
fkrlfh zlwkrxw xqghuvwdqglqj uvw rswlpdo frqvxpswlrq1 Wkhuhiruh/ L vwduw e| fkdudfwhul}lqj
rswlpdo frqvxpswlrq lq wkh hpsor|phqw vwdwh1
46LY14 Frqvxpswlrq ri Hpsor|hg Lqyhvwruv
Sursrvlwlrq 5 vkrzv wkdw wkh rswlpdo orj frqvxpswlrq0lqfrph udwlr lv d olqhdu ixqfwlrq ri
wkh orj qdqfldo zhdowk0lqfrph udwlr/ wkh vwdwh yduldeoh ri wkh sureohp1 Wkh vorsh ri wklv
htxdwlrq +Ke
￿, lv wkh hodvwlflw| ri frqvxpswlrq zlwk uhvshfw wr qdqfldo zhdowk/ zkloh EKe
￿
lv wkh hodvwlflw| ri frqvxpswlrq zlwk uhvshfw wr oderu lqfrph1 Ehfdxvh f 	K e
￿ 	 / rswlpdo
frqvxpswlrq lq wkh hpsor|phqw vwdwh lv joredoo| vwulfwo| txdvlfrqfdyhdqg vwulfwo| frqfdyh
lq hdfk ri lwv dujxphqwv146 Wklv lpsolhv wkdw wkh pdujlqdo surshqvlw| wr frqvxph rxw ri
zhdowk lv ghfuhdvlqj lq zhdowk/ dqg wkh pdujlqdo surshqvlw| wr frqvxph rxw ri oderu lqfrph
lv ghfuhdvlqj lq lqfrph1
Wkh h{srqhqwldo ri wkh lqwhufhsw ri wkh orj frqvxpswlrq ixqfwlrq +Ke
f, lv d idfwru wkdw vfdohv
wkh rswlpdo frqvxpswlrq0lqfrph udwlr xs ru grzq uhodwlyh wr wkh ohyho ghwhuplqhg e| wkh
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e dqg &￿ duh srvlwlyh frqvwdqwv jlyhq lq +6<, dqg +75, lq dsshqgl{ E1 V
e l vds u h 0
fdxwlrqdu| vdylqjv whup lqyroylqj erwk wkh yduldqfh ri wkh sruwirolr uhwxuq dqg wkh yduldqfh
ri oderu lqfrph jurzwk1
Htxdwlrq +53, vkrzv wkdw Ke
f lv dhfwhg e| wkh vdph idfwruv dv Ko
f1 Krzhyhu/ wkhuh duh vrph
lpsruwdqw glhuhqfhv1 Iluvw/ Ke
f lv dq lqfuhdvlqj ixqfwlrq ri }/ wkh h{shfwhg udwh ri jurzwk
lq oderu lqfrph1 Dq lqyhvwru zkr h{shfwv khu ixwxuh oderu lqfrph wr jurz dw d kljk udwh
fdq drug wr frqvxph d odujhu iudfwlrq ri khu fxuuhqw uhvrxufhv wkdq dq lqyhvwru zkr grhv
qrw1 Wkh hhfw ri dq lqfuhdvh lq oderu lqfrph jurzwk rq frqvxpswlrq lv sursruwlrqdo wr
wkh lqfrph hodvwlflw| ri frqvxpswlrq1 Vhfrqg/ vlqfh K￿ 	K o
￿/ wkh vxevwlwxwlrq hhfw ri dq
46Wklv lv dq h{dpsoh ri d pruh jhqhudo uhvxow ghulyhg e| Fduuroo dqg Nlpedoo +4<<9,1 Wkh| vkrz wkdw
rswlpdo frqvxpswlrq lv d vwulfwo| frqfdyh ixqfwlrq xqghu srzhu xwlolw| zkhq wkhuh lv erwk oderu lqfrph ulvn
dqg dvvhw uhwxuq ulvn/ uhjdugohvv ri wkh vwdwlvwlfdo fkdudfwhul}dwlrq ri wkhvh ulvnv1
47lqfuhdvh lq wkh h{shfwhg uhwxuq rq zhdowk grplqdwhv wkh lqfrph hhfw dw orzhu ydoxhv ri wkh
hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq1 Ilqdoo|/ suhfdxwlrqdu| vdylqjv dovr ghshqg rq wkh
yduldqfh ri oderu lqfrph jurzwk/ wkurxjk V
e1
Wkh orj qdqfldo zhdowk0oderu lqfrph udwlr ghwhuplqhv wkh g|qdplfv ri wkh orj frqvxpswlrq0
oderu lqfrph udwlr lq wkh hpsor|phqw vwdwh1 Dsshqgl{ E vkrzv wkdw Ee
| +| iroorzv d
vwdwlrqdu| surfhvv dorqj wkh rswlpdo sdwk1 Wklv vwdwlrqdulw| surshuw| lv lpsruwdqw/ ehfdxvh




LY15 Sruwirolr Fkrlfh ri Hpsor|hg Lqyhvwruv
Sursrvlwlrq 5 dovr fkdudfwhul}hv ke/ wkh rswlpdo sruwirolr doorfdwlrq wr vwrfnv iru hpsor|hg
lqyhvwruv1 Htxdwlrq +4<, vkrzv wkdw ke kdv wzr frpsrqhqwv1 Wkh uvw frpsrqhqw lv vlplodu
wr wkh rswlpdo sruwirolr ghpdqg ri uhwluhg lqyhvwruv= Lw lv sursruwlrqdo wr wkh ulvn suhplxp
rq wkh ulvn| dvvhw/ dqg lqyhuvho| sursruwlrqdo wr wkh surgxfw ri wkh uhodwlyh ulvn dyhuvlrq
frh!flhqw wlphv wkh zhdowk hodvwlflw| ri frqvxpswlrq1 Vhfwlrq LLL qrwhv wkdw wklv surgxfw
ghwhuplqhv wkh uhodwlyh ulvn dyhuvlrq ri wkh ydoxh ixqfwlrq1 Krzhyhu/ wkh uhohydqw zhdowk
hodvwlflw| khuh lv K￿/ wkh dyhudjh zhdowk hodvwlflw| ri frqvxpswlrq dfurvv vwdwhv147 Vlqfh
K￿ 	K o
￿/ wklv lpsolhv wkdw hpsor|hg lqyhvwruv duh hhfwlyho| ohvv ulvn dyhuvh wkdq uhwluhg
lqyhvwruv1 Wklv uhvxow kdv vwurqj lpsolfdwlrqv iru wkh rswlpdo sruwirolr ghpdqg ri hpsor|hg
lqyhvwruv yhuvxv uhwluhg lqyhvwruv=
Sursrvlwlrq 6 Zkhq oderu lqfrph ulvn lv lqghshqghqw ri dvvhw uhwxuq ulvn/ hpsor|hg lq0
47Wr vhh zk| h ghshqgv rq e4 dqg qrw mxvw rq eh
4 qrwh wkdw wkh hhfwv rq zhdowk ri d sruwirolr ghflvlrq
pdgh dw wlph w duh qrw nqrzq wkh iroorzlqj shulrg/ zkhq wkh uhwxuq rq wkh ulvn| dvvhw lv uhdol}hg1 Vlqfh
wkhuh lv xqfhuwdlqw| derxw wkh vwdwh ri oderu lqfrph qh{w shulrg/ wkh lqyhvwru pxvw wdnh wklv lqwr dffrxqw
zkhq pdnlqj khu sruwirolr ghflvlrq1




Pruhryhu/ *4Ze<f ke ' ko1
Surri1 Zkhq j1￿ 'f / ke ' ko*K￿1 Wkh sursrvlwlrq iroorzv gluhfwo| iurp wkh idfw wkdw
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Wkh lqwxlwlrq iru wklv uhvxow lv vlpsoh1 Ehfdxvh hpsor|hg lqyhvwruv kdyh dq dowhuqdwlyh vrxufh
ri lqfrph/ qdpho| oderu lqfrph/ d rqh shufhqw qhjdwlyh vkrfn lq wkhlu qdqfldo zhdowk grhv
qrw ixoo| wudqvodwh lqwr d rqh shufhqw ghfuhdvh lq wkhlu frqvxpswlrq jurzwk/ zkloh lw grhv
vr iru uhwluhg lqyhvwruv1 Iru wklv uhdvrq/ hpsor|hg lqyhvwruv duh zloolqj wr dvvxph ulvnlhu
sruwirolrv wkdq uhwluhg lqyhvwruv1
Dq lpsolfdwlrq ri Sursrvlwlrq 6 lv wkdw hpsor|hg lqyhvwruv idflqj lglrv|qfudwlf oderu lqfrph
ulvn ehkdyh dv li oderu lqfrph zhuh htxlydohqw wr dq lpsolflw lqyhvwphqw lq wkh ulvnohvv dvvhw1
Erglh/ Phuwrq dqg Vdpxhovrq +4<<5, vkrz wkdw zlwk qrq0vwrfkdvwlf h{rjhqrxv oderu lqfrph
wkh vkduh ri wkh ulvn| dvvhw lq qdqfldo zhdowk zloo idoo dv wkh lqyhvwru*v krul}rq vkruwhqv1 Lq
wklv fdvh oderu lqfrph lv htxlydohqw wr dq lpsolflw lqyhvwphqw lq wkh ulvnohvv dvvhw1 Wkxv wkh
vkduh ri qdqfldo zhdowk lqyhvwhg lq wkh ulvn| dvvhw pxvw eh odujhu wkdq wkh vkduh ri wrwdo
zhdowk +qdqfldo zhdowk soxv kxpdq fdslwdo,/ dqg pxvw ghfuhdvh dv wkh krul}rq vkruwhqv dqg
kxpdq fdslwdo lv ghsohwhg1 Sursrvlwlrq 6 vkrzv wkdw d txdolwdwlyho| vlplodu krul}rq hhfw
dovr krogv zkhq qrqwudgdeoh oderu lqfrph lv vwrfkdvwlf/ surylghg wkdw oderu lqfrph ulvn lv
lglrv|qfudwlf148
Sursrvlwlrq 6 dovr surylghv vrph lqwxlwlrq rq zk| jhqhudo htxloleulxp prghov ri dvvhw sulfhv
zlwk lglrv|qfudwlf oderu lqfrph kdyh gl!fxowlhv uhsurgxflqj wkh klvwrulfdo htxlw| suhplxp
zkhq lqyhvwruv duh dvvxphg wr kdyh orz ulvn dyhuvlrq1 Wklv sursrvlwlrq vkrzv wkdw dgglqj
lglrv|qfudwlf oderu lqfrph ulvn wr wkh vwdqgdug prgho zlwk qr pdunhw iulfwlrqv lqfuhdvhv wkh
48Lq idfw/ oderu lqfrph zkrvh ulvn lv sxuho| lglrv|qfudwlf zrxog eh glvfrxqwhg dw wkh ulvnohvv udwh li wkh
lqyhvwru zhuh doorzhg wr wudgh khu kxpdq fdslwdo1
49ghpdqg iru vwrfnv1 Pruhryhu/ wkh fdoleudwlrq h{huflvh suhvhqwhg lq vhfwlrq Y ehorz vkrzv
wkdw wklv hhfw lv vwurqjhvw iru wkrvh lqyhvwruv zlwk wkh orqjhvw uhwluhphqw krul}rq1 Wklv fdq
rqo| pdnh wkh Htxlw| Suhplxp Sx}}oh zruvh1 Lq d uhfhqw sdshu/ Frqvwdqwlqlghv/ Grqdogvrq
dqg Phkud +4<<;, vkrz wkdw d jhqhudo htxloleulxp/ ryhuodsslqj jhqhudwlrqv prgho zlwk
lglrv|qfudwlf oderu lqfrph vkrfnv fdq uhsurgxfh wkh klvwrulfdo htxlw| suhplxp rqo| li |rxqj
lqyhvwruv duh suhyhqwhg iurp lqyhvwlqj lq vwrfnv1 Wklv sdshu surylghv lqwxlwlrq rq zk| wklv
frqvwudlqw lv qhfhvvdu|= Rwkhuzlvh wkh| zrxog eh khdylo| lqyhvwhg lq vwrfnv/ khqfh uhgxflqj
wkh htxloleulxp htxlw| suhplxp1
Wkh vhfrqg frpsrqhqw ri ke lv qrq0}hur zkhqhyhu wkh uhwxuq rq wkh ulvn| dvvhw lv fruuhodwhg
zlwk oderu lqfrph1 Wkhuhiruh/ lw uhsuhvhqwv wkh khgjlqj frpsrqhqw ri wkh rswlpdo doorfdwlrq
wr wkh ulvn| dvvhw1 Wklv khgjlqj frpsrqhqw lv
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zklfk lv sursruwlrqdo wr wkh uhjuhvvlrq khgjh udwlr iru oderu lqfrph49/z h l j k w h ge |w k h
lqfrph hodvwlflw| ri frqvxpswlrq1 Wkh vljq ri wkh khgjlqj ghpdqg lv rssrvlwh wr wkh vljq ri
wkh fruuhodwlrq ehwzhhq vkrfnv wr oderu lqfrph dqg xqh{shfwhg uhwxuqv rq wkh ulvn| dvvhw1
Li lqqrydwlrqv wr oderu lqfrph duh qhjdwlyho| fruuhodwhg zlwk lqqrydwlrqv wr vwrfn uhwxuqv/
vwrfnv duh ghvludeoh ehfdxvh wkh| rhu d jrrg khgjh djdlqvw xqidyrudeoh lqqrydwlrqv lq oderu
hduqlqjvvlqfh qhjdwlyh vkrfnv wr oderu lqfrph duh jrlqj wr eh dffrpsdqlhg/ lq jhqhudo/ e|
srvlwlyh lqqrydwlrqv lq vwrfn uhwxuqv1 Wklv fuhdwhv d srvlwlyh khgjlqj ghpdqg iru vwrfnv1 Li
wkh fruuhodwlrq lv srvlwlyh/ wkh rssrvlwh lv wuxh1
Y D Fdoleudwhg H{dpsoh
Wklv vhfwlrq looxvwudwhv wkh dqdo|wlfdo qglqjv suhvhqwhg lq vhfwlrqv LLL dqg LY xvlqj d fdol0
eudwlrq h{huflvh1 Wklv h{huflvh lv edvhg rq dq hpslulfdoo| sodxvleoh sdudphwhul}dwlrq ri wkh
surfhvv iru dvvhw uhwxuqv dqg wkh surfhvv iru lqglylgxdo oderu lqfrph1 Vhfwlrq Y14 ghvfulehv
49Qrwh wkdw ￿x@5
x lv wkh vorsh ri wkh uhjuhvvlrq ri oderu lqfrph vkrfnv rqwr xqh{shfwhg vwrfn uhwxuqv1
4:wkh fkrlfh ri sdudphwhu ydoxhv/ dqg vhfwlrq Y15 suhvhqwv uhvxowv iru d zlgh duud| ri ydoxhv
iru wkh suhihuhqfh sdudphwhuv dqg wkh uhwluhphqw krul}rq1
Wkh rswlpdo srolflhv lq wkh hpsor|phqw vwdwh ghshqg rq 4e
￿ dqg 4e
S/ wkh orj0olqhdul}dwlrq
frqvwdqwv lq wkh exgjhw frqvwudlqw +<,1 Exw wkhvh frqvwdqwv duh hqgrjhqrxv sdudphwhuv/
ehfdxvh wkh| duh prqrwrqlf ixqfwlrqv ri wkh phdq qdqfldo zhdowk0oderu lqfrph udwlr1 Lq
idfw/ htxdwlrqv +4;, dqg +4<, iru wkh rswlpdo srolflhv dqg wkh htxdwlrqv iru 4e
￿ dqg 4e
S +jlyhq
lq dsshqgl{ D, ghqh d qrqolqhdu pdsslqj ri 4e
￿ dqg 4e
S rqwr wkhpvhoyhv1
L vroyh iru wkh {hg srlqw lq wklv pdsslqj xvlqj d vlpsoh uhfxuvlyh dojrulwkp= Iru d jlyhq vhw
ri sdudphwhu ydoxhv/ L uvw frpsxwh iKo
fck oj +zklfk gr qrw ghshqg rq dq| orjolqhdul}dwlrq




2/ kej dqg L xvh wkhp wr rewdlq d qhz vhw ri ydoxhv iru 4e
￿ dqg 4e
S1 Iurp wklv
qhz vhw ri orj0olqhdul}dwlrq frqvwdqwv zh fdq qg qhz ydoxhv iru wkh rswlpdo srolflhv lq wkh
hpsor|phqw vwdwh1 Wklv uhfxuvlrq frqwlqxhv xqwlo frqyhujhqfh lv dfklhyhg1 Wkh frqyhujhqfh
fulwhulrq L xvh lv wkdw wkh vxp ri wkh devroxwh ghyldwlrqv ri hdfk orj0olqhdul}dwlrq frqvwdqw
lq wzr frqvhfxwlyh lwhudwlrqv lv ohvv wkdq f3e1 Frqyhujhqfh lv xvxdoo| dfklhyhg lq ohvv wkdq
43 lwhudwlrqv1
Y14 Edvholqh Sdudphwhu Ydoxhv
Wkh ydoxhv iru wkh sdudphwhuv ghvfulelqj wkh lqyhvwphqw rssruwxqlw| vhw duh edvhg rq wkh
klvwrulfdo hvwlpdwhv ri wkh dyhudjh htxlw| suhplxp/ wkh vkruw0whup uhdo lqwhuhvw udwh dqg wkh
yduldqfh ri h{fhvv vwrfn uhwxuqv lq wkh XV vwrfn pdunhw1 Wdeoh ;14 lq Fdpsehoo/ Or dqg
PdfNlqod| +4<<:/ Wdeoh ;14, uhsruw wkhvh hvwlpdwhv1 Wkh uhwxuq rq wkh ulvnohvv dvvhw -s lv
vhw wr 2I shu |hdu1 Wkh vwdqgdug ghyldwlrq ri xqh{shfwhg orj h{fhvv uhwxuqv +j￿,l vv h ww r
HI shu |hdu1 Wkh orj h{fhvv uhwxuq rq wkh ulvn| dvvhw +>,l vv h ww re2I s h u| h d uw rp d w f k
wkh klvwrulfdo SI h{fhvv uhwxuq rq htxlwlhv1
4:L fkrrvh wkh lqlwldo ydoxhv iru h
z dqg h
f vr wkdw h
z> h
f A 3 dqg 4h
z .h
f A 31 Wklv hqvxuhv wkdw nh lv
ghqhg1
4;Wkh ydoxhv iru wkh sdudphwhuv ghvfulelqj wkh oderu lqfrph surfhvv duh edvhg rq wkh prvw
uhfhqw plfurhfrqrphwulf hvwlpdwhv ri +4, dydlodeoh1 Wkh edvholqh ydoxh iru wkh vwdqgdug
ghyldwlrq ri lqqrydwlrqv lq orj oderu lqfrph +j1,l vv h ww rfI shu |hdu1 H{shfwhg orj
lqfrph jurzwk +}, lv vhw vr wkdw h{shfwhg lqfrph jurzwk ,|dt|n￿*t|o htxdov I shu |hdu1
Wkhvh ydoxhv duh frqvlvwhqw zlwk hvwlpdwhv uhsruwhg lq Fkdpehuodlq dqg Kludqr +4<<:, dqg
Fduuroo dqg Vdpzlfn +4<<8, xvlqj gdwd rq lqglylgxdov14;
Wkh rqo| uhpdlqlqj sdudphwhu ghvfulelqj wkh vwrfkdvwlf vwuxfwxuh ri wkh prgho lv wkh fruuh0
odwlrq ehwzhhq lqqrydwlrqv lq orj oderu lqfrph dqg lqqrydwlrqv lq vwrfn uhwxuqv1 L frqvlghu
wzr ydoxhv iru Lhh|Eo￿c|n￿c{+|n￿/ fI dqg 2DI1W k hfI fruuhodwlrq ydoxh uhsuhvhqwv wkh lp0
sruwdqw ehqfkpdun fdvh ri lglrv|qfudwlf oderu lqfrph ulvn/ zkloh wkh 2DI fruuhodwlrq ydoxh
lv xvhixo wr looxvwudwh wkh lqwhudfwlrq ri khgjlqj/ uhwluhphqw krul}rq dqg ulvn dyhuvlrq rq
rswlpdo sruwirolr ghpdqg1
Y15 Krul}rq dqg Khgjlqj Hhfwv rq Sruwirolr Fkrlfh dqg Vdylqjv
Wdeohv L dqg LL uhsruw wkh rswlpdo srolflhv iru uhodwlyh ulvn dyhuvlrq frh!flhqwv @ ~ 5 /6 /8 /
;/ 43/ 45 dqg h{shfwhg qxpehu ri |hduv xqwlo uhwluhphqw E  Ze3￿@~68/ 63/ 58/ 53/ 48/
43/ 81 Sdqho D lq hdfk wdeoh suhvhqwv uhvxowv zkhq oderu lqfrph lv lglrv|qfudwlf/ dqg Sdqho
E suhvhqwv uhvxowv zkhq wkhuh lv d 2DI fruuhodwlrq ehwzhhq xqh{shfwhg vwrfn uhwxuqv dqg
vkrfnv wr oderu lqfrph1 Wkh h{shfwhg olihwlph diwhu uhwluhphqw lv vhw wr 43 |hduv/ dqg wkh
wlph suhihuhqfh udwh lv vhw wr fI shu |hdu/ vr wkdw B ' *f1 L fkrrvh wklv udwh ri wlph
suhihuhqfh wr hqvxuh wkdw wkh lqyhvwru lv lpsdwlhqw/ lq wkh vhqvh wkdw vkh zrxog rswlpdoo|
fkrrvh qrw wr vdyh lq wkh devhqfh ri xqfhuwdlqw| lq oderu lqfrph dqg dvvhw uhwxuqvjlyhq
wkh ydoxhv L dvvxph iru }/ > dqg os1 L dovr vkrz wkh hhfw ri ydu|lqj B rq sruwirolr fkrlfh
4;Fkdpehuodlq dqg Kludqr +4<<:, hvwlpdwh wkh lpsolhg suhglfwlyh glvwulexwlrq ri ￿ xvlqj SVLG gdwd dqg
qg wkdw wkh phgldq ri wklv glvwulexwlrq lv ehwzhhq 43(  44( iru wkh ixoo vdpsoh dqg wkh vxevdpsohv ri
kljk0vfkrro judgxdwhv dqg froohjh judgxdwhv1 Fduuroo dqg Vdpzlfn +4<<8, uhsruw d ixoo vdpsoh hvwlpdwh ri
￿ zklfk lv vrphzkdw odujhu/ durxqg 48(1
4<dqg vdylqjv dw wkh hqg ri wklv vhfwlrq1
Sdqho D lq Wdeoh L uhsruwv ke dqg ko zkhq oderu lqfrph ulvn lv xqfruuhodwhg zlwk vwrfn pdunhw
ulvn1 Dv suhglfwhg e| Sursrvlwlrq 6/ wkh vkduh ri vwrfnv lq vdylqjv lv v|vwhpdwlfdoo| odujhu lq
wkh hpsor|phqw vwdwh wkdq lq wkh uhwluhphqw vwdwh1 Pruhryhu/ wklv vkduh dovr ghfuhdvhv dv wkh
h{shfwhg qxpehu ri |hduv xqwlo uhwluhphqw idoov1 Wr xqghuvwdqg wklv sdwwhuq/ lw lv xvhixo wr
uhlwhudwh wkh lqwxlwlrq iru Sursrvlwlrq 6= Zkhq oderu lqfrph ulvn lv lglrv|qfudwlf/ qrq0uhwluhg
lqyhvwruv fkrrvh wkhlu sruwirolrv dv li wkhlu kxpdq fdslwdo uhvhpeohv d irufhg lqyhvwphqw rq wkh
ulvnohvv dvvhw1 Wklv lqyhvwphqw lv odujhu iru lqyhvwruv zlwk orqjhu krul}rqv/ ehfdxvh h{shfwhg
ixwxuh oderu lqfrph +uhodwlyh wr lwv fxuuhqw ohyho, lv lqfuhdvlqj lq wkh h{shfwhg uhwluhphqw
krul}rq14< Wkxv lw lv rswlpdo iru lqyhvwruv zlwk orqjhu krul}rqv wr krog d odujhu iudfwlrq ri
wkhlu qdqfldo zhdowk lq vwrfnv1 Sdqho D dovr vkrzv wkdw lqyhvwruv jr orqj lq erwk wkh ulvnohvv
dvvhw dqg vwrfnv/ h{fhsw wkrvh zlwk orz ulvn dyhuvlrq/ zkr vkruw wkh ulvnohvv dvvhw1 Wklv lv d
uh hfwlrq ri wkh kljk klvwrulfdo htxlw| suhplxp1
Wkh lqwhudfwlrq ehwzhhq khgjlqj/ uhwluhphqw krul}rqv dqg ulvn dyhuvlrq lv looxvwudwhg lq Sdqho
E ri Wdeoh L1 Wklv sdqho vkrzv wkdw d vpdoo/ srvlwlyh fruuhodwlrq ehwzhhq oderu lqfrph ulvn
dqg vwrfn pdunhw ulvn kdv vljqlfdqw qhjdwlyh hhfwv rq wkh rswlpdo sruwirolr ghpdqg iru
vwrfnv1 Dv lq Sdqho D/ wkh iudfwlrq ri qdqfldo zhdowk lqyhvwhg lq vwrfnv jrhv grzq zlwk ulvn
dyhuvlrq1 Krzhyhu/ wkh udwlr ri wkh khgjlqj frpsrqhqw wr wrwdo ghpdqg dfwxdoo| lqfuhdvhv +lq
devroxwh ydoxh, zlwk uhodwlyh ulvn dyhuvlrq1 Wkhvh hhfwv duh pruh surqrxqfhg wkh orqjhu lv
wkh h{shfwhg uhwluhphqw krul}rq1 Iru kljko| ulvn dyhuvh lqyhvwruv + ' 2 ,/ lw pd| hyhq rvhw
wkh krul}rq hhfw/ vr wkdw wkh rswlpdo sruwirolr vkduh ri wkh ulvn| dvvhw vwd|v urxjko| wkh vdph
dv wkh h{shfwhg uhwluhphqw krul}rq idoov153 Hyhq iru prghvwo| ulvn dyhuvh lqyhvwruv/ khgjlqj
uhsuhvhqwv d vljqlfdqw iudfwlrq ri wrwdo sruwirolr ghpdqg dw orqj uhwluhphqw krul}rqv1 Iru
4<Li u\ lv wkh orj glvfrxqw udwh rq oderu lqfrph/ htxdwlrq +4, lpsolhv wkdw wkh suhvhqw glvfrxqwhg ydoxh ri
h{shfwhg ixwxuh oderu lqfrph lv \w@+4  h h{sij . 5
￿  u\ j,/ zklfk lv lqfuhdvlqj lq h ru/ htxlydohqwo|/
lq +4  h,￿4/ wkh h{shfwhg uhwluhphqw krul}rq1
53Iru ydoxhv ri  odujhu wkdq 45/ lw lv srvvleoh wr vkrz wkdw krul}rq hhfw hyhq uhyhuvhv/ dqg h lqfuhdvhv
dv wkh h{shfwhg uhwluhphqw krul}rq idoov1 Jxlvr hw do1 +4<<9, dqg Khdwrq dqg Oxfdv +4<<:e, kdyh irxqg d
srvlwlyh hhfw ri djh rq vwrfn kroglqjv iru d vdpsoh ri Lwdoldq dqg Dphulfdq krxvhkrogv1
53kljko| ulvn dyhuvh lqyhvwruv zlwk orqj uhwluhphqw krul}rqv/ wkh khgjlqj frpsrqhqw ri ghpdqg
uhsuhvhqw pruh wkdq DfI ri wkh wrwdo ghpdqg iru vwrfnv1
Wdeoh LL uhsruwv wkh h{srqhqwldwhg orqj0uxq phdq ri wkh orj qdqfldo zhdowk0shupdqhqw
lqfrph udwlr dorqj wkh rswlpdo sdwk lq wkh hpsor|phqw vwdwh1 Wklv phdq ghvfulehv wkh wdujhw
dvvhwv/ uhodwlyh wr shupdqhqw lqfrph/ wkdw dq hpsor|hg lqyhvwru zrxog rswlpdoo| dffxpxodwh
lq wkh hpsor|phqw vwdwh1 Wkh rswlpdo wdujhw lv lq jhqhudo odujh1 Lw lqfuhdvhv dv wkh h{shfwhg
uhwluhphqw krul}rq idoov dqg lw lv dovr lqfuhdvlqj lq 1 Uhwluhphqw dqg suhfdxwlrqdu| vdylqj
prwlyhv h{sodlq wklv sdwwhuq ri yduldwlrq dfurvv wkh wdeoh1 Lqyhvwruv idflqj d kljk suredelolw|
ri uhwluhphqw zdqw wr dffxpxodwh pruh dvvhwv wkdq lqyhvwruv idflqj d orz suredelolw|1 Exw
lqyhvwruv zlwk orqj uhwluhphqw krul}rqv kdyh d vwurqjhu suhfdxwlrqdu| vdylqj prwlyh wkdq
lqyhvwruv zlwk vkruw krul}rqv/ ehfdxvh iru wkhp d qhjdwlyh vkrfn wr oderu lqfrph kdv d odujhu
grzqzdug hhfw rq h{shfwhg ixwxuh oderu lqfrph1 Htxdwlrq +6<, vkrzv wkdw wklv hhfw lv
frpsrxqghg e| / zklfk uhsuhvhqwv suxghqfh dv zhoo dv ulvn dyhuvlrq1 Khqfh kljko| suxghqw
lqyhvwruv zlwk orqj uhwluhphqw krul}rqv kdyh d odujhu orqj0whup wdujhw iru qdqfldo zhdowk
wkdq lqyhvwruv zkr duh ohvv suxghqw1
Sdqho E lq Wdeoh LL vkrzv wkdw srvlwlyh fruuhodwlrq ehwzhhq vkrfnv wr oderu lqfrph dqg
xqh{shfwhg uhwxuqv voljkwo| orzhuv wkh qdqfldo zhdowk0shupdqhqw lqfrph wdujhw udwlr1 D
srvlwlyh fruuhodwlrq uhvxowv lq d pruh frqvhuydwlyh sruwirolr srolf|/ zklfk lq wxuq uhgxfhv
V@h|Eoe
Rc|n￿/ dqg wkh suhfdxwlrqdu| vdylqj prwlyh djdlqvw qhjdwlyh vkrfnv wr qdqfldo zhdowk1
Wdeoh LLL h{soruhv wkh lqwhudfwlrq ehwzhhq oderu lqfrph jurzwk dqg h{shfwhg uhwluhphqw
krul}rq1 Lw uhsruwv rswlpdo sruwirolr doorfdwlrqv dqg orqj0uxq dvvhw kroglqjv iru hpsor|hg
lqyhvwruv zlwk  ' / h{shfwhg oderu lqfrph jurzwk udwhv +,|dt|n￿*t|o,e h w z h h qfI dqg HI
shu |hdu/ dqg h{shfwhg uhwluhphqw krul}rqv iurp D wr D |hduv154 Wklv dqdo|vlv lv lqwhuhvwlqj
ehfdxvh h{shfwhg oderu lqfrph jurzwk lv qrw frqvwdqw ryhu wkh olih0f|foh1 Frffr/ Jrphv
dqg Pdhqkrxw +4<<:, dqg Jdnlglv +4<<:, qg wkdw oderu lqfrph jurzwk w|slfdoo| suhvhqwv
54Doo rwkhu sdudphwhuv wdnh wkhlu edvholqh ydoxhv +lqfoxglqj d }hur fruuhodwlrq ehwzhhq oderu lqfrph lqqr0
ydwlrqv dqg xqh{shfwhg dvvhw uhwxuqv,1
54dq lqyhuwhg0X vkdsh dv d ixqfwlrq ri wkh uhwluhphqw krul}rq1 Zh fdq hdvlo| h{soruh wkh
lpsolfdwlrqv ri wklv sdwwhuq lq oderu lqfrph jurzwk zlwklq wklv prgho1
Wdeoh LLL vkrzv wkdw ke lv dq lqfuhdvlqj ixqfwlrq ri ,|dt|n￿*t|o dw dq| h{shfwhg uhwluhphqw
krul}rq1 Krzhyhu/ li zh frpsduh wkh rswlpdo doorfdwlrqv iru lqyhvwruv zlwk orqj dqg vkruw
uhwluhphqw krul}rqv dqg orz lqfrph jurzwk zlwk wkh rswlpdo doorfdwlrqv ri lqyhvwruv zlwk
phglxp uhwluhphqw krul}rqv dqg kljk lqfrph jurzwk/ zh qg dq lqyhuwhg0X vkdsh iru ke1
Wklv lv wkh vkdsh wkdw Frffr/ Jrphv dqg Pdhqkrxw +4<<:, dqg Jdnlglv +4<<:, qg lq wkhlu
qxphulfdo fdoleudwlrqv ri wkh vwdqgdug olih0f|foh prgho1 Wkh lqwxlwlrq ehklqg wklv sdwwhuq
lv wzrirog= Iluvw/ dq lqyhuwhg0X sdwwhuq lq oderu lqfrph jurzwk surgxfhv d vlplodu sdwwhuq
lq wkh ydoxh ri kxpdq fdslwdo uhodwlyh wr wkh fxuuhqw ohyho ri oderu lqfrph xqghu frqvwdqw
glvfrxqwlqj>55 vhfrqg/zh kdyh vkrzq wkdw lqyhvwruv ehkdyh dv li kxpdq fdslwdo lv forvhu wr dq
lpsolflw lqyhvwphqw rq wkh ulvnohvv dvvhw wkdq wr dq lqyhvwphqw rq vwrfnv zkhq oderu lqfrph
ulvn lv lglrv|qfudwlf1 Wklv lpsolhv wkdw ke lv jrlqj wr suhvhqw wkh vdph sdwwhuq dv wkh ydoxh
ri kxpdq fdslwdo dfurvv uhwluhphqw krul}rqv1
Ilqdoo|/ wkh hhfw rq sruwirolr fkrlfh ri ydu|lqj B lv vkrzq lq Iljxuh 4 iru dq lqyhvwru zlwk
 ' 1 Lqfuhdvlqj B +uhgxflqj wkh wlph suhihuhqfh udwh *L}B, uhgxfhv ke= Pruh sdwlhqw
lqyhvwruv lqyhvw d vpdoohu iudfwlrq ri wkhlu vdylqjv lq vwrfnv wkdq ohvv sdwlhqw lqyhvwruv1 Wkh|
lqyhvw sursruwlrqdoo| ohvv lq wkh ulvn| dvvhw dv d uhvxow ri wkhlu vdylqjv ehkdylru1 Pruh sdwlhqw
lqyhvwruv dffxpxodwh pruh qdqfldo zhdowk56 dqg iru wkhp oderu lqfrph ehfrphv uhodwlyho|
ohvv lpsruwdqw1 Wkxv wkh| duh pruh vlplodu wr uhwluhg lqyhvwruv1
55Vhh irrwqrwh 4<1
56Uhvxowv qrw vkrzq khuh wr hfrqrpl}h vsdfh/ exw uhdglo| dydlodeoh xsrq uhtxhvw/ vkrz wkdw wkh qdqfldo
zhdowk0shupdqhqw lqfrph wdujhw udwlr lv lqfuhdvlqj lq 1
55YL Wkh Hhfw ri Lqfrph Xqfhuwdlqw| rq Sruwirolr Fkrlfh
dqg Vdylqjv
Wkh g|qdplf qdwxuh ri wklv prgho jlyhv xv dq lqwhuhvwlqj iudphzrun wr h{soruh wkh hhfwv
ri dq xqfrpshqvdwhg lqfuhdvh lq oderu lqfrph ulvn rq sruwirolr fkrlfh dqg vdylqjv/ dqg wkh
dssur{lpdwh vroxwlrq phwkrg doorzv xv wr h{soruh wkhvh lpsolfdwlrqv iru d zlgh udqjh ri
sdudphwhu ydoxhv1 Exw zh qhhg uvw d zrunlqj ghqlwlrq ri dq xqfrpshqvdwhg lqfuhdvh lq
oderu lqfrph ulvn1 Vlqfh oderu0lqfrph fdqqrw eh qhjdwlyh/ lw vhhpv qdwxudo wr frqvlghu wkh
hhfw rq sruwirolr fkrlfh ri d phdq0suhvhuylqj lqfuhdvh lq wkh yduldqfh ri oderu lqfrph157
Wr hpskdvl}h wkh fkdudfwhul}dwlrq ri oderu lqfrph dv xqdyrlgdeoh ulvn/ L dvvxph wkurxjkrxw




Iljxuhv 5 dqg 6 vxppdul}h wkh hhfwv rq sruwirolr fkrlfh dqg vdylqjv ri d phdq0suhvhuylqj
lqfuhdvh lq wkh yduldqfh ri oderu lqfrph1 Wkh| sorw ke dqg i Ti,de
| +￿
| oj dv d ixqfwlrq ri
wkh vwdqgdug ghyldwlrq ri oderu lqfrph jurzwk +j1,i r u ' i/ Hj d q gd qh { s h f w h gu h w l u h p h q w
krul}rq ri 2D |hduv1 L frqvlghu phdq0suhvhuylqj lqfuhdvhv ri j1 lq wkh lqwhuydo dfIc2fIo158
Iljxuh 5 vkrzv wkdw ke ghfolqhv dqg vorzo| dssurdfkhv ko/ wkh rswlpdo doorfdwlrq wr vwrfnv
ri d uhwluhg lqyhvwru/ dv wkh yduldqfh ri oderu lqfrph jurzwk lqfuhdvhv159 Wklv hhfw frphv
57Zkhq oderu lqfrph lv orjqrupdoo| glvwulexwhg/ d phdq0suhvhuylqj lqfuhdvh lq wkh yduldqfh ri oderu lqfrph
lv d vhfrqg0ghjuhh vwrfkdvwlf grplqdqfh vkliw lq wkh glvwulexwlrq ri oderu lqfrph1 Hhfnkrxgw/ Jroolhu dqg
Vfkohvlqjhu +4<<9, vwxg| wklv irup ri ghwhulrudwlrq lq edfnjurxqg ulvn lq d wzr0shulrg prgho zlwk qr vdylqjv
ghflvlrq1
58Qrwh wkdw lw lv udwkhu gl!fxow wr hydoxdwh Ch@C￿ dqdo|wlfdoo|/ ehfdxvh wklv ghshqghqfh lv kljko|
qrqolqhdu1 Krzhyhu/ lq d wzr0shulrg yhuvlrq ri wklv prgho/ Ylfhlud +4<<;, vkrzv wkdw wklv ghulydwlyh lv
qhjdwlyh surylghg wkdw wkh lqyhvwru lv vx!flhqwo| ulvn dyhuvh/ dqg lw lv vwulfwo| srvlwlyh zkhq  $ 31
59Vrph hpslulfdo uhvxowv lq wkh olwhudwxuh duh frqvlvwhqw zlwk wkh vorzo| ghfuhdvlqj sdwwhuq ri h dv d
ixqfwlrq ri ￿1 Lq wkhlu vwxg| ri sruwirolr kroglqjv ri Lwdoldq krxvhkrogv/ Jxlvr hw do1 +4<<9, glylgh wkhlu
vdpsoh lq wzr jurxsv/ orz0 dqg kljk0lqfrph ulvn/ dqg qg wkdw wkhuh duh vpdoo glhuhqfhv lq wkhlu kroglqjv
ri ulvn| dvvhwv dv d shufhqwdjh ri wrwdo qdqfldo dvvhwv1
56wkurxjk d srvlwlyh hhfw ri j1 rq wkh zhdowk hodvwlflw| ri frqvxpswlrq ru/ htxlydohqwo|/
d srvlwlyh hhfw ri j1 rq wkh uhodwlyh ulvn dyhuvlrq ri wkh ydoxh ixqfwlrq +vhh htq1 ^4:`,1
Nlpedoo +4<<5, vkrzv wkdw oderu lqfrph ulvn lqfuhdvhv wkh devroxwh ulvn dyhuvlrq ri wkh ydoxh
ixqfwlrq ehfdxvh lw lqfuhdvhv wkh pdujlqdo surshqvlw| wr frqvxph rxw ri zhdowk1 Iljxuh 4
vkrzv wkdw lw dovr lqfuhdvhv wkh uhodwlyh ulvn dyhuvlrq ri wkh ydoxh ixqfwlrq1
Iljxuh 6 looxvwudwhv wkh hhfw ri wkh lqfuhdvh lq wkh yrodwlolw| ri oderu lqfrph rq wkh rswlpdo
ohyho ri vdylqjv1 Dq phdq0suhvhuylqj lqfuhdvh lq j1 kdv d srvlwlyh hhfw rq dvvhw dffxpx0
odwlrq1 Dv wkh ohyho ri vdylqjv lqfuhdvhv/ oderu lqfrph ehfrphv ohvv lpsruwdqw uhodwlyh wr
qdqfldo zhdowk dv d vrxufh ri frqvxpswlrq iru wkh lqyhvwru1 Khqfh/ wkh hpsor|hg lqyhvwru
ehfrphv pruh olnh d uhwluhg lqyhvwru dqg ehkdyhv olnh khu zkhq pdnlqj khu sruwirolr ghflvlrqv1
Iljxuhv 5 dqg 6 dovr kdyh lqwhuhvwlqj lpsolfdwlrqv derxw wkh uhodwlyh hhfw ri oderu lqfrph
ulvn rq vdylqjv dqg sruwirolr fkrlfh1 Zkhq  lv kljk ru prghudwho| kljk/ ke dsshduv wr eh
pruh uhvsrqvlyh wr phdq0suhvhuylqj fkdqjhv lq wkh yduldqfh ri oderu lqfrph wkdq vdylqjv1
Zkhq  lv orz/ krzhyhu/ wklv sdwwhuq pd| uhyhuvh1
YLL Qxphulfdo Dffxudf| ri wkh Vroxwlrq
Wkh prgho suhvhqwhg lq wklv sdshu kdv qr h{dfw vroxwlrq/ h{fhsw zkhq oderu lqfrph lq0
qrydwlrqv duh shuihfwo| fruuhodwhg zlwk uhwxuq lqqrydwlrqv/ dqg wkh udwlr ri sursruwlrqdolw|
ehwzhhq wkhlu vwdqgdug ghyldwlrqv htxdov ko +Erglh/ Phuwrq dqg Vdpxhovrq/ 4<<5,1 Lq wklv
vshfldo fdvh/ wkh dssur{lpdwh dqdo|wlfdo vroxwlrq phwkrg dovr gholyhuv wkh h{dfw vroxwlrq15:
Lq doo rwkhu fdvhv zh fdq dvvhvv wkh dffxudf| ri wkh dssur{lpdwh vroxwlrq e| frpsdulqj lw
zlwk d vroxwlrq wr wkh prgho xvlqj qxphulfdo phwkrgv1
5:Erglh/ Phuwrq dqg Vdpxhovrq +4<<5, vkrz wkdw h @ u zkhq ￿ @ ux dqg ￿x @ ￿x1V l p s o h
vxevwlwxwlrq ri wkhvh frqglwlrqv lq +4<, vkrzv wkdw wklv uhvxow dovr krogv iru wkh dssur{lpdwh vroxwlrqv jlyhq
lq Sursrvlwlwlrqv 4 dqg 51
57Wkh Ehoopdq htxdwlrq iru wkh sureohp lq wkh hpsor|phqw vwdwh lv
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zkhuh aeEc dqg aoEc ghqrwh wkh ydoxh ixqfwlrq lq wkh hpsor|phqw dqg uhwluhphqw vwdwhv/
dqg L vlpsoli| qrwdwlrq e| holplqdwlqj wlph vxevfulswv dqg xvlqj dq dsrvwurskh wr ghqrwh
yduldeohv hydoxdwhg dw wlph E| n  1 Wkh srolf| ixqfwlrqv lq wkh uhwluhphqw vwdwh lpso|
wkdw ao E`'E  3￿ i TiE  Ko
fj`￿3￿/z k h u hKo
f lv jlyhq lq +49,1 Wklv ixqfwlrq lv
krprjhqhrxv ri ghjuhh E  1 Wkh ydoxh ixqfwlrq lq wkh hpsor|phqw vwdwh dovr kdv wklv
surshuw| +Nrr/ 4<<8,1 Wklv doorzv xv wr uhgxfh wkh qxpehu ri vwdwh yduldeohv iurp wzr +`
dqg t , wr rqh +wkh udwlr `*t,1
Wkh qxphulfdo phwkrg xvhg khuh lv dq dgdswdwlrq ri wkh phwkrg ghvfulehg lq Fdpsehoo/
Frffr/ Jrphv/ Pdhqkrxw dqg Ylfhlud +4<<;,1 Wklv phwkrg sdudphwhul}hv wkh srolf| ixqf0
wlrqv ke dqg Se  + ' *L}Ee*t dv sro|qrpldov ri wkh vwdwh yduldeoh % ' *L}E`*t/
k
e ' @f n @￿% n  n @R%
Rc +56,
S
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dqg xvhv d Qhzwrq0Udskvrq dojrulwkp wr qg wkh frh!flhqwv ri wkhvh sro|qrpldov wkdw
pd{lpl}h +55,1 Dsshqgl{ F ghvfulehv lq ixoo ghwdlo wkh vroxwlrq dojrulwkp1 Wkh dssur{lpdwh
dqdo|wlfdo vroxwlrq lv dovr sro|qrpldo/ zlwk R 'fdqg ^ ' 1
Wr vroyh wkh prgho qxphulfdoo| zh qhhg d julg ri ydoxhv iru wkh vwdwh yduldeoh1 Wkhuh lv qr
reylrxv zd| wr fkrrvh wklv julg/ ehfdxvh wkh vwdwh yduldeoh lv lwvhoi hqgrjhqrxv1 Krzhyhu/
wkh dssur{lpdwh dqdo|wlfdo vroxwlrq lv khosixo wr fkrrvh wklv julg1 L fkrrvh dq lqwhuydo iru
`*t 'i  T i%j fhqwhuhg dw i Ti%j/ zkhuh % lv wkh xqfrqglwlrqdo phdq ri % lpsolhg e|
wkh dssur{lpdwh dqdo|wlfdo vroxwlrq +vhh dsshqgl{ E16,1 Wkh erxqgv ri wkh lqwhuydo duh 	
frqglwlrqdo vwdqgdug ghyldwlrqv dzd| iurp wklv srlqw1
Iljxuhv 7 dqg 8 uhsruw wkh qxphulfdo dqg wkh dssur{lpdwh dqdo|wlfdo vroxwlrq iru ke dqg
*t iru  ' / j1 ' f I / B ' *f dqg h{shfwhg uhwluhphqw krul}rqv ri 8/ 53 dqg 63
58|hduv1 Wkh gdvkhg krul}rqwdo olqhv fruuhvsrqg wr wkh dssur{lpdwh forvhg irup vroxwlrq/ dqg
wkh vrolg olqhv wr wkh qxphulfdo vroxwlrq1 Wklv vroxwlrq dvvxphv R 'dqg ^ ' 1
Iljxuh 7 vkrzv wkdw wkh qxphulfdo vroxwlrq iru ke lv d vorzo| ghfuhdvlqj ixqfwlrq ri %/w k h
orj qdqfldo zhdowk0lqfrph udwlr1 Dv qdqfldo zhdowk ehfrphv odujh uhodwlyh wr lqfrph/ wkh
hpsor|hg lqyhvwru ehfrphv pruh olnh d uhwluhg lqyhvwru/ dqg vr grhv khu rswlpdo sruwirolr
srolf|1 Wkdw lv/ ke dssurdfkhv ko1 Wkh qxphulfdo vroxwlrq whoov xv wkdw wklv frqyhujhqfh
lv vorz1 Wklv lv zk| wkh +frqvwdqw, dssur{lpdwh dqdo|wlfdo vroxwlrq lv uhodwlyho| forvh wr
wkh qxphulfdo vroxwlrq1 Wkh qxphulfdo vroxwlrq dovr uhsurgxfhv wkh ghfuhdvlqj sdwwhuq lq
wkh rswlpdo doorfdwlrq wr vwrfnv dv wkh h{shfwhg uhwluhphqw krul}rq vkruwhqv1 Wkh sorwv lq
Iljxuh 8 vxjjhvw wkdw wkh dssur{lpdwh dqdo|wlfdo vroxwlrq iru wkh frqvxpswlrq srolf| dovr
vhhpv wr zrun uhdvrqdeo| zhoo1
YLLL Frqfoxvlrq
Wklv sdshu kdv vkrzq xqghu zklfk frqglwlrqv d vw|ol}hg g|qdplf prgho ri udwlrqdo sruwirolr
fkrlfh dqg frqvxpswlrq zlwk ulvn| oderu lqfrph dqg uhwluhphqw vxssruwv wkh srsxodu qrwlrq
wkdw shrsoh vkrxog lqyhvw pruh lq vwrfnv zkhq wkh| duh zrunlqj wkdq zkhq wkh| duh uhwluhg1
Zkhq oderu lqfrph ulvn lv lglrv|qfudwlf/ wklv dgylfh lv dozd|v zhoiduh0pd{lpl}lqj/ dqg wkh
rswlpdo iudfwlrq ri vdylqjv lqyhvwhg lq wkh ulvn| dvvhw lv srvlwlyho| uhodwhg wr wkh uhwluhphqw
krul}rq ri wkh lqyhvwru1 Wklv hhfw rq sruwirolr fkrlfh lv ghwhuplqhg e| wkh lqyhvwru*v hodv0
wlflw| ri frqvxpswlrq zlwk uhvshfw wr qdqfldo zhdowk zklfk/ wrjhwkhu zlwk wkh uhodwlyh ulvn
dyhuvlrq ri wkh lqvwdqwdqhrxv xwlolw| ryhu frqvxpswlrq/ ghwhuplqhv wkh uhodwlyh ulvn dyhuvlrq
ri wkh ydoxh ixqfwlrq1 Lqyhvwruv vxemhfw wr oderu lqfrph ulvn kdyh zhdowk hodvwlflwlhv vwulfwo|
vpdoohu wkdq rqh/ zkloh uhwluhg lqyhvwruv kdyh xqlw zhdowk hodvwlflwlhv1 Wkxv wkh lpsdfw ri d
qhjdwlyh rqh shufhqw vkrfn wr wkh ulvn| dvvhw uhwxuq rq frqvxpswlrq jurzwk lv dozd|v vpdoohu
wkdq rqh shufhqw iru dq hpsor|hg lqyhvwru/ zkloh lw lv h{dfwo| rqh shufhqw iru d uhwluhg lq0
yhvwru1 Ehfdxvh hpsor|hg lqyhvwruv kdyh dq dgglwlrqdo vrxufh ri lqfrph/ wkh| fdq drug
59pruh djjuhvvlyh sruwirolr srolflhv wkdq uhwluhg lqyhvwruv1
Li oderu lqfrph lqqrydwlrqv duh fruuhodwhg zlwk xqh{shfwhg uhwxuqv rq d ulvn| dvvhw/ d udwlrqdo
lqyhvwru zloo prgli| khu rswlpdo sruwirolr wr wdnh dgydqwdjh ri wkh khgjlqj surshuwlhv ri
wkh ulvn| dvvhw ghulyhg iurp wklv qrq0}hur fruuhodwlrq1 Lq sduwlfxodu/ li wklv fruuhodwlrq lv
srvlwlyh/ lw zloo eh rswlpdo iru dq hpsor|hg lqyhvwru wr kdyh d qhjdwlyh khgjlqj ghpdqg iru
wkh ulvn| dvvhw/ vlqfh vkruwlqj wkh ulvn| dvvhw khgjhv frqvxpswlrq iurp xqh{shfwhg idoov lq
oderu lqfrph1 D odujh hqrxjk srvlwlyh fruuhodwlrq pd| hyhq fdxvh wkh khgjlqj frpsrqhqw
ri sruwirolr ghpdqg wr rvhw wkh qrq0khgjlqj sduw/ dqg lw pd| eh rswlpdo iru hpsor|hg
lqyhvwruv wr lqyhvw lq ulvn| dvvhwv d vpdoohu iudfwlrq ri wkhlu vdylqjv wkdq uhwluhg lqyhvwruv1
Wklv sdshu vkrzv wkdw iru kljko| ulvn dyhuvh lqyhvwruv/ d vpdoo srvlwlyh fruuhodwlrq lv hqrxjk
wr fuhdwh wklv uhvxow1
Wklv sdshu surylghv lqwxlwlrq derxw wkh qglqj lq wkh vwdqgdug olih0f|foh prgho/ wkdw wkh
iudfwlrq ri vdylqjv lqyhvwhg lq wkh ulvn| dvvhw lv lqfuhdvlqj zlwk djh lq wkh hduo| sduw ri wkh
olih0f|foh +Frffr hw do1 4<<:/ Jdnlglv 4<<:,1 Lw vkrzv wkdw wkh rswlpdo sruwirolr doorfdwlrq wr
vwrfnv lv srvlwlyho| uhodwhg wr erwk h{shfwhg oderu lqfrph jurzwk dqg h{shfwhg uhwluhphqw
krul}rq zkhq oderu lqfrph ulvn lv lglrv|qfudwlf1 Wkdw lv/ lqyhvwruv vkliw wkhlu qdqfldo zhdowk
wrzdugv vwrfnv zkhq wkhlu kxpdq fdslwdo lv odujh1 Lq wkh vwdqgdug olih0f|foh prgho/ oderu
lqfrph jurzwk h{klelwv d kxps0vkdshg irup/ zklfk lqgxfhv d vlplodu sdwwhuq lq wkh udwlr ri
kxpdq fdslwdo wr oderu lqfrph dqg lq wkh iudfwlrq ri vdylqjv rswlpdoo| lqyhvwhg lq vwrfnv1
Ilqdoo|/ wklv sdshu kdv dovr lqyhvwljdwhg wkh hhfwv ri dq lqfuhdvh lq oderu lqfrph ulvn rq vdy0
lqjv dqg rswlpdo sruwirolr kroglqjv ri wkh ulvn| dvvhw1 Lw qgv wkdw d phdq0suhvhuylqj lqfuhdvh
lq wkh yduldqfh ri oderu lqfrph jurzwk uhgxfhv wkh lqyhvwru*v zloolqjqhvv wr krog wkh ulvn|
dvvhw dqg lqfuhdvhv khu zloolqjqhvv wr vdyh1 Pruhryhu/ wkh ohyho ri vdylqjv lv pruh uhvsrqvlyh
wr fkdqjhv lq oderu lqfrph ulvn wkdq sruwirolr ghpdqg iru ulvn| dvvhwv zkhq lqyhvwruv duh
prghudwho| ru kljko| ulvn dyhuvh1 Wkdw lv/ zkhq zhdowk dffxpxodwlrq lv hqgrjhqrxv/ wkh
lqyhvwru uhdfwv wr dq lqfuhdvh lq oderu lqfrph ulvn sulpdulo| e| lqfuhdvlqj khu vdylqjv dqg
rqo| vhfrqgdulo| e| uhgxflqj khu h{srvxuh wr sruwirolr ulvn1 Wklv sdshu dovr vkrzv wkdw wkh
5:rswlpdo sruwirolr vkduh ri wkh ulvn| dvvhw ri dq hpsor|hg lqyhvwru dssurdfkhv wkh rswlpdo
sruwirolr vkduh ri d uhwluhg lqyhvwru dv wkh yrodwlolw| ri oderu lqfrph jurzwk lqfuhdvhv1 Wkh
lqfuhdvh lq oderu lqfrph yrodwlolw| kdv wzr hhfwv= Iluvw/ lw pdnhv oderu lqfrph orrn pruh olnh
wkh ulvn| dvvhw wkdq wkh ulvnohvv dvvhw/ vr wkdw wkh lqyhvwru lv ohvv zloolqj wr dvvxph sruwirolr
ulvn> vhfrqg/ lw fdxvhv dq lqfuhdvh lq wkh ohyho ri vdylqjv wkdw uhgxfhv wkh lpsruwdqfh ri oderu
lqfrph uhodwlyh wr qdqfldo zhdowk dv d vrxufh ri frqvxpswlrq iru wkh hpsor|hg lqyhvwru/
zkr ehfrphv pruh olnh d uhwluhg lqyhvwru zkhq pdnlqj khu sruwirolr ghflvlrqv1
Wkh dssurdfk ri wklv sdshu fdq eh h{whqghg lq vhyhudo gluhfwlrqv1 Iluvw/ zh frxog frqvlghu
pxowlsoh ulvn| dvvhwv lq wkh prgho/ wr lqyhvwljdwh zkhwkhu oderu lqfrph ulvn dqg uhwluhphqw
fdq vroyh wkh dvvhw doorfdwlrq sx}}oh ri Fdqqhu/ Pdqnlz dqg Zhlo +4<<:,1 Vhfrqg/ lw zrxog
eh lqwhuhvwlqj wr doorz iru dq xqhpsor|phqw vwdwh lq wkh prgho1 Lq d ixuwkhu h{whqvlrq ri
wkh prgho qrw vkrzq khuh iru vsdfh frqvlghudwlrqv/ L kdyh frqvlghuhg dq dgglwlrqdo }hur0
oderu0lqfrph vwdwh lq zklfk oderu lqfrph lv vhw wr }hur/ exw pd| ru pd| qrw eh }hur lq
wkh ixwxuh1 Wkh prgho wkhq ehfrphv wkh vwdqgdug exhu0vwrfn prgho ri frqvxpswlrq dqg
suhfdxwlrqdu| vdylqjv/ doorzlqj iru sruwirolr fkrlfh1 Dgglqj dq dgglwlrqdo vwdwh ri whpsrudu|
xqhpsor|phqw grhv qrw dowhu lq d ixqgdphqwdo zd| dq| ri wkh uhvxowv lq wkh sdshu= Ehfdxvh
wkh xqhpsor|phqw vwdwh lv whpsrudu|/ dqg wkh suredelolw| ri rffxuuhqfh lv frqvwdqw ryhu
wlph/ wkh prgho suhglfwv wkdw lw lv rswlpdo iru wkh lqyhvwru wr kdyh wkh vdph sruwirolr srolf|
lq wkh hpsor|phqw dqg xqhpsor|phqw vwdwhv1 D pruh uhdolvwlf dvvxpswlrq zrxog eh wr doorz
iru qrq0l1l1g1 wudqvlwlrq suredelolwlhv ehwzhhq wkh hpsor|phqw dqg xqhpsor|phqw vwdwhv/ lq
vxfk d zd| wkdw wkh suredelolw| ri xqhpsor|phqw lq rqh shulrg lv kljkhu li wkh suhylrxv
shulrg wkh lqyhvwru zdv xqhpsor|hg wkdq li kh zdv qrw1 Wklv qrq0gldjrqdo wudqvlwlrq pdwul{
zrxog lqwurgxfh shuvlvwhqfh lq xqhpsor|phqw dqg pljkw ohdg wr pruh sodxvleoh rswlpdo
sruwirolr srolflhv1 Ilqdoo|/ lw lv lpsruwdqw wr hqgrjhql}h wkh oderu vxsso| ghflvlrq lq wkh
prgho1 Suhvxpdeo| d  h{leoh oderu vxsso| zloo dffhqwxdwh wkh krul}rq hhfw/ dv lq wkh prgho
ri Erglh/ Phuwrq dqg Vdpxhovrq +4<<5, zlwk ulvnohvv oderu lqfrph1 Exw lw pd| dovr kdyh
lqwhuhvwlqj hhfwv rq wkh khgjlqj ghpdqg iru wkh ulvn| dvvhw1
5;L[ Uhihuhqfhv
Derzg/ M1 P dqg Fdug/ G1/ 4<;</ Rq wkh Fryduldqfh Vwuxfwxuh ri Hduqlqjv dqg Krxuv
Fkdqjhv/ Hfrqrphwulfd1 yro1 8:/ qr1 5/ 74407811
Eodqfkdug/ R1 M1/ 4<;8/ Ghew/ Ghflwv/ dqg Ilqlwh Krul}rqv/ Mrxuqdo ri Srolwlfdo Hfrqrp|
yro1 <6/ qr1 54/ 556057:1
Edogx}}l/ S1/ dqg D1 O|qfk/ 4<<:/ Wkh Lpsdfw ri Suhglfwdelolw| dqg Wudqvdfwlrq Frvwv
rq Sruwirolr Fkrlfh lq d Pxowlshulrg Vhwwlqj/ xqsxeolvkhg sdshu/ Ervwrq Froohjh dqg
Qhz \run Xqlyhuvlw|1
Eduehulv/ Q1 F1/ 4<<</ Krz Elj Duh Khgjlqj GhpdqgvB Hylghqfh iurp Orqj0Krul}rq
Dvvhw Doorfdwlrq/ iruwkfrplqj lq wkh Mrxuqdo ri Ilqdqfh1
Eudqgw/ Plfkdho Z1/ 4<<;/ Hvwlpdwlqj Sruwirolr dqg Frqvxpswlrq Fkrlfh= D Frqglwlrqdo
Hxohu Htxdwlrqv Dssurdfk/ iruwkfrplqj lq wkh Mrxuqdo ri Ilqdqfh1
Erglh/ ]1/ U1F1 Phuwrq dqg Z1I1 Vdpxhovrq/ 4<<5/ Oderu Vxsso| Ioh{lelolw| dqg Sruwirolr
Fkrlfh lq d Olih F|foh Prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 49/ 75:0
77<1
Euhqqdq/ Plfkdho M1/ Hgxdugr V1 Vfkzduw}/ dqg Urqdog Odjqdgr/ Vwudwhjlf Dvvhw Doorfd0
wlrq/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ [[L +4<<:,/ 46::047361
Fdpsehoo/ M1 \1/ 4<<6/ Lqwhuwhpsrudo Dvvhw Sulflqj zlwkrxw Frqvxpswlrq Gdwd/ Dphul0
fdq Hfrqrplf Uhylhz/ yro1 ;6/ qr1 6/ 7;:08451
Fdpsehoo/ Mrkq \1/ Mrær Frffr/ Iudqflvfr Jrphv/ Sdvfdo M1 Pdhqkrxw/ dqg Oxlv P1 Ylfhlud/
Vwrfn Pdunhw Phdq Uhyhuvlrq dqg wkh Rswlpdo Htxlw| Doorfdwlrq ri d Orqj0Olyhg
Lqyhvwru/ xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|/ 4<<;1
Fdpsehoo/ M1\1/ D1 Z1 Or dqg D1 F1 PdfNlqod|/ 4<<:/ Wkh Hfrqrphwulfv ri Ilqdqfldo
Pdunhwv/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Q1M1
5<Fdpsehoo/ M1 \1 dqg O1 P1 Ylfhlud/ 4<<;/ Zkr Vkrxog Ex| Orqj0Whup ErqgvB/ xqsxe0
olvkhg sdshu/ Kduydug Xqlyhuvlw|/ Fdpeulgjh/ PD1
Fdpsehoo/ M1 \1 dqg O1 P1 Ylfhlud/ 4<<</ Frqvxpswlrq dqg Sruwirolr Ghflvlrqv Zkhq
H{shfwhg Uhwxuqv Duh Wlph Ydu|lqj/ iruwkfrplqj lq wkh Txduwhuo| Mrxuqdo ri Hfr0
qrplfv1
Fdqqhu/ Q1/ Q1 J1 Pdqnlz dqg G1 Q1 Zhlo/ 4<<:/ Dq Dvvhw Doorfdwlrq Sx}}oh// Dphulfdq
Hfrqrplf Uhylhz/ yro1 ;:/ qr1 4/ 4;404<41
Fduuroo/ F1 G1/ 4<<5/ Wkh Exhu0Vwrfn Wkhru| ri Vdylqj= Vrph Pdfurhfrqrplf Hylghqfh/
Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|/ 9404891
Fduuroo/ F1 G1/ 4<<9/ Exhu0Vwrfn Vdylqj= Vrph Wkhru|/ pdqxvfulsw/ Wkh Mrkqv Krsnlqv
Xqlyhuvlw|1
Fduuroo/ F1 G1/ 4<<:/ Exhu0Vwrfn Vdylqj dqg wkh Olih F|foh2Shupdqhqw Lqfrph K|srwk0
hvlv/ Txduwhuo| Mrxuqdo ri Hfrqrplfv yro1 445/ qr1 4/ 40881
Fduuroo/ F1 G1 dqg P1 V1 Nlpedoo/ 4<<9/ Rq wkh Frqfdylw| ri wkh Frqvxpswlrq Ixqfwlrq/
Hfrqrphwulfd yro1 97/ qr1 71
Fduuroo/ F1G1 dqg D1 D1 Vdpzlfn/ 4<<8/ Wkh Qdwxuh ri Suhfdxwlrqdu| Zhdowk/ QEHU
Zrunlqj Sdshu 84<6/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ Fdpeulgjh/ PD1
Fkdpehuodlq/ J1 dqg N1 Kludqr/ 4<<:/ Suhglfwlyh Glvwulexwlrqv Edvhg rq Orqjlwxglqdo
Hduqlqjv Gdwd// pdqxvfulsw/ Kduydug Xqlyhuvlw|1
Frffr/ M1/ I1 Jrphv dqg S1 Pdhqkrxw/ 4<<:/ Frqvxpswlrq dqg Sruwirolr Fkrlfh ryhu wkh
Olih0F|foh/ pdqxvfulsw/ Kduydug Xqlyhuvlw|1
Frqvwdqwlqlghv/ J1 P1 dqg G1 Gx!h/ 4<<9/ Dvvhw Sulflqj zlwk Khwhurjhqhrxv Frqvxphuv/
Mrxuqdo ri Srolwlfdo Hfrqrp| 437/ qr1 5/ 54<05731
63Frqvwdqwlqlghv/ J1 P1/ Grqdogvrq/ M1E1 dqg Phkud/ U1/ Mxqlru Fdq*w Eruurz= D Qhz
Shuvshfwlyh rq wkh Htxlw| Suhplxp Sx}}oh/ xqsxeolvkhg sdshu/ Xqlyhuvlw| ri Fklfdjr/
Fklfdjr/ LO1
Ghdwrq/ D1/ 4<<4/ Vdylqj dqg Oltxlglw| Frqvwudlqwv/ Hfrqrphwulfd yro1 8</ qr1 8/ 45540
457;1
Ghq Kddq/ Z1M1 dqg D1 Pdufhw/ 4<<7/ Dffxudf| lq Vlpxodwlrqv/ Uhylhz ri Hfrqrplf
Vwxglhv 94/ 604:1
Hhfnkrxgw/ O1/ F1 Jroolhu dqg K1 Vfkohvlqjhu/ 4<<9/ Fkdqjhv lq Edfnjurxqg Ulvn dqg Ulvn
Wdnlqj Ehkdylru/ Hfrqrphwulfd yro1 97/ qr1 6/ 9;609;<1
Hophqgrui/ G1Z1 dqg P1V1 Nlpedoo/ 4<<</ Wd{dwlrq ri Oderu Lqfrph dqg wkh Ghpdqg iru
Ulvn| Dvvhwv/ iruwkfrplqj lq wkh Lqwhuqdwlrqdo Hfrqrplf Uhylhz1
Idpd/ H dqg Z1 Vfkzhuw/ 4<::/ Kxpdq Fdslwdo dqg Fdslwdo Pdunhw Htxloleulxp/ Mrxuqdo
ri Ilqdqfldo Hfrqrplfv 7/ <804581
Iulhgpdq/ P1/ 4<8:/ D Wkhru| ri wkh Frqvxpswlrq Ixqfwlrq/ Sulqfhwrq Xqlyhuvlw| Suhvv/
Sulqfhwrq/ Q1M1
Jdnlglv/ K1 H1/ 4<<:/ Hduqlqjv Xqfhuwdlqw| dqg Olih0F|foh Sruwirolr Fkrlfh/ pdqxvfulsw/
PLW1
Jhuwohu/ P1/ 4<<:/ Jryhuqphqw Ghew dqg Vrfldo Vhfxulw| lq d Olih0F|foh Hfrqrp|/ QEHU
Zrunlqj Sdshu 9333/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ Fdpeulgjh/ PD1
Jroolhu/ Fkulvwldq dqg Mrkq Z1 Sudww/ 4<<9/ Ulvn Yxoqhudelolw| dqg wkh Whpshulqj Hhfw
ri Edfnjurxqg Ulvn/ Hfrqrphwulfd yro1 97/ qr1 8/ 443<044561
Jrxulqfkdv/ Slhuuh0Rolylhu dqg Mrqdwkdq Sdunhu/ 4<<:/ Frqvxpswlrq ryhu wkh OlihF|foh/
pdqxvfulsw/ Sulqfhwrq Xqlyhuvlw|1
64Jxlvr/ O1/ W1 Mdsshool dqg G1 Whuol}}hvh/ 4<<9/ Lqfrph Ulvn/ Eruurzlqj Frqvwudlqwv/ dqg
Sruwirolr Fkrlfh/ Dphulfdq Hfrqrplf Uhylhz yro1 ;9/ qr1 4/ 48;04:51
Khdwrq/ M1 dqg G1 Oxfdv/ 4<<:d/ Pdunhw Iulfwlrqv/ Vdylqjv Ehkdylru dqg Sruwirolr Fkrlfh/
Pdfurhfrqrplf G|qdplfv/ 4/ :904341
Khdwrq/ M1 dqg G1 Oxfdv/ 4<<:e/ Sruwirolr Fkrlfh dqg Dvvhw Sulfhv= Wkh Lpsruwdqfh ri Hq0
wuhshqhxuldo Ulvn/ Zrunlqj Sdshu Qr1 567/ Nhoorjj Judgxdwh Vfkrro ri Pdqdjhphqw/
Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq/ LO1
Lqjhuvroo/ Mrqdwkdq H1/ 4<;:/ Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj/ Urzpdq ) Olwwohhog
Sxeolvkhuv/ Lqf1/ Pdu|odqg1
Mdjdqqdwkdq/ U1 dqg Q1 Nrfkhuodnrwd/ 4<<9/ Zk| Vkrxog Roghu Shrsoh Lqyhvw Ohvv lq
Vwrfnv Wkdq \rxqjhu ShrsohB/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Txduwhuo| Uhylhz
yro1 53/ qr1 6/ ss1 440561
Nlpedoo/ P1 V1/ 4<<3/ Suhfdxwlrqdu| Vdylqjv lq wkh Vpdoo dqg lq wkh Odujh/ Hfrqrphwulfd
yro1 8;/ qr1 4/ 860:61
Nlpedoo/ P1 V1/ 4<<5/ Suhfdxwlrqdu| Vdylqjv dqg wkh Pdujlqdo Surshqvlw| wr Frqvxph/
xqsxeolvkhg sdshu/ Xqlyhuvlw| ri Plfkljdq1
Nlpedoo/ P1 V1/ 4<<6/ Vwdqgdug Ulvn Dyhuvlrq/ Hfrqrphwulfd yro1 94/ qr1 6/ 8;<09441
Nrr/ K1 N1/ 4<<8/ Frqvxpswlrq dqg Sruwirolr Vhohfwlrq zlwk Oderu Lqfrph L= Hydoxdwlrq
ri Kxpdq Fdslwdo/ pdqxvfulsw/ Rolq Vfkrro ri Exvlqhvv/ Zdvklqjwrq Xqlyhuvlw|1
Ohwhqguh/ P1D1 dqg Vplwk/ J1/ 4<<;/ Suhfdxwlrqdu| Vdylqj dqg Sruwirolr Doorfdwlrq= GS
e| JPP/ xqsxeolvhg sdshu/ Txhhq*v Xqlyhuvlw|/ Nlqjvwrq/ Rqwdulr/ Fdqdgd1
Pdonlho/ E1J1 4<<9/ D Udqgrp Zdon Grzq Zdoo Vwuhhw= Lqfoxglqj d Olih0F|foh Jxlgh wr
Shuvrqdo Lqyhvwlqj/ 9wk1 hglwlrq/ Qruwrq/ Qhz \run1
65PdFxug|/ W1H1 4<;5/ Wkh Xvh ri Wlph Vhulhv Surfhvvhv wr Prgho wkh Huuru Vwuxfwxuh ri
Hduqlqjv lq d Orqjlwxglqdo Gdwd Dqdo|vlv/ Mrxuqdo ri Hfrqrphwulfv yro1 4;/ qr1 4/
;604671
Phkud/ U1 dqg H1 F1 Suhvfrww/ 4<;8/ Wkh Htxlw| Suhplxp= D Sx}}oh/ Mrxuqdo ri Prqhwdu|
Hfrqrplfv 48/ 47804941
Phuwrq/ U1 F1/ 4<9</ Olihwlph Sruwirolr Vhohfwlrq Vhohfwlrq Xqghu Xqfhuwdlqw|= Wkh Frq0
wlqxrxv Wlph Fdvh/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 84/ 57:058:1
Phuwrq/ U1 F1/ 4<:4/ Rswlpxp Frqvxpswlrq dqg Sruwirolr Uxohv lq d Frqwlqxrxv0Wlph
Prgho/ Mrxuqdo ri Hfrqrplf Wkhru| 6/ 6:67461
Phuwrq/ U1 F1/ 4<:6/ Dq Lqwhuwhpsrudo Fdslwdo Dvvhw Sulflqj Prgho/ Hfrqrphwulfd [OL
+4<:4,/ ;9:;:1
Phuwrq/ U1 F1/ 4<::/ D Uhh{dplqdwlrq ri wkh Fdslwdo Dvvhw Sulflqj Prgho/ lq L1 Iulhqg
dqg M1 Elfnvohu hgv1/ Ulvn dqg Uhwxuq lq Ilqdqfh/ Edoolqjhu Suhvv/ Fdpeulgjh/ PD/
47448<1
Sudww/ M1 Z1 dqg U1 M1 ]hfnkdxvhu/ 4<;:/ Surshu Ulvn Dyhuvlrq/ Hfrqrphwulfd yro1 88/
qr1 4/ 47604871
Vdpxhovrq/ Sdxo D1/ 4<9</ Olihwlph Sruwirolr Vhohfwlrq e| G|qdplf Vwrfkdvwlf Surjudp0
plqj/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 84/ 56<5791
Vyhqvvrq/ O1 dqg L1 Zhuqhu/ 4<<6/ Qrqwudghg Dvvhwv lq Lqfrpsohwh Pdunhwv= Sulflqj dqg
Sruwirolr Fkrlfh/ Hxurshdq Hfrqrplf Uhylhz 6:/ qr1 8/ 447<0449;1
Ylfhlud/ Oxlv P1/ 4<<;/ Rswlpdo Frqvxpswlrq dqg Sruwirolr Fkrlfh iru Orqj0Krul}rq
Lqyhvwruv/ Glvvhuwdwlrq/ Kduydug Xqlyhuvlw|1
Zhlo/ S1/ 4<<7/ Qrqwudghg Dvvhwv dqg wkh FDSP/ Hxurshdq Hfrqrplf Uhylhz 6;/ <460
<551
66]hoghv/ V1S1/ 4<;</ Frqvxpswlrq dqg Oltxlglw| Frqvwudlqwv= Dq Hpslulfdo Lqyhvwljdwlrq/
Mrxuqdo ri Srolwlfdo Hfrqrp| yro1 <:/ 63806791
D Dsshqgl{ D= Orj0Olqhdul}dwlrq ri wkh Exgjhw Frq0
vwudlqw dqg wkh Hxohu Htxdwlrqv
D14 Ghulydwlrq ri wkh Orj0Olqhdu Lqwhuwhpsrudo Exgjhw Frqvwudlqw





















w.4  |w.4 @ orj+h{sizw  |wjh{sifh
w  |wj,  |w.4 . uh
s>w.4> +57,




s>w.4, ehfdxvh qdqfldo zhdowk dw +w .4 ,ghshqgv rq wkh
vwdwh0ghshqghqw frqvxpswlrq dqg sruwirolr ghflvlrqv pdgh dw w1
Zh fdq qrz olqhdul}h +57, e| wdnlqj d uvw0rughu Wd|oru h{sdqvlrq durxqg +fh
w  |w,@H^fh
w  |w` dqg
+zh
w  |w,@H^zh





























f A 3 ehfdxvh Zw . \w  Fh
w A 3 dorqj wkh rswlpdo sdwk1
Wkh orj0olqhdul}dwlrq ri wkh lqwhuwhpsrudo exgjhw frqvwudlqw lq wkh uhwluhphqw vwdwh iroorzv Fdpsehoo +4<<6,/
zkr orj0olqhdul}hv wkh exgjhw frqvwudlqw durxqg H^fu  zw`1 Wkh orj0olqhdul}dwlrq frqvwdqwv duh u
f @





67D15 Ghulydwlrq ri wkh Orj Hxohu Htxdwlrqv

























@  Hw ^h{si{w.4j`.+ 4 , Hw ^h{si|w.4j` >
zkhuh wkh qrwdwlrqdo fruuhvsrqghqfh ehwzhhq wkh uvw dqg vhfrqg olqh lv reylrxv1 Wdnlqj d vhfrqg rughu
Wd|oru h{sdqvlrq ri h{si{w.4j dqg h{si|w.4j durxqg {w @ Hw ^{w.4` dqg |w @ Hw ^|w.4` zh fdq zulwh=



















































Wkh ghulydwlrq ri wkh vhfrqg orj Hxohu htxdwlrq plplfv wkh rqh deryh1
E Dsshqgl{ E= Rswlpdo Uxohv
E14 Surri ri Sursrvlwlrq 4
Wr suryh Sursrvlwlrq 4/ L uvw jxhvv wkdw wkh rswlpdo srolflhvwdnh wkh irup u
w @ u dqg fu
w @ eu
3.eu
4zw1Q h { w
L vkrz wkdw wklv jxhvv yhulhv wkh orj0olqhdu Hxohu htxdwlrq +45, dqg wkh orj exgjhw frqvwudlqw +43,/ surylghg
wkdw u/ eu
3 dqg eu
4 vdwlvi| wkuhh htxdwlrqv zkrvh frh!flhqwv duh ixqfwlrqv ri wkh sulplwlyh sdudphwhuv wkdw
ghqh wkh suhihuhqfh dqg vwrfkdvwlf vwuxfwxuh ri wkh sureohp1
Rswlpdo Sruwirolr Uxoh lq wkh Uhwluhphqw Vwdwh
Vxevwudfwlqj wkh orj Hxohu htxdwlrq +45, iru l @ i iurp wkh orj Hxohu htxdwlrq +45, iru l @4 /z h q gw k d w
wkh orj h{fhvv uhwxuq yhulhv wkh iroorzlqj htxdwlrq



















Wkh ohiw0kdqg vlgh +OKV, ri +5;, iroorzv gluhfwo| iurp wkh dvvxpswlrqv rq wkh lqyhvwphqw rssruwxqlw| vhw1






w.4  zw,= +5<,
Rswlpdo Frqvxpswlrq Uxoh lq wkh Uhwluhphqw Vwdwh
Wr ghulyh wkh rswlpdo frqvxpswlrq uxoh/ qrwh wkdw wkh orj Hxohu htxdwlrq lq wkh uhwluhphqw vwdwh +45, zkhq





























zkhuh L vxssuhvv wkh vxevfulsw w iurp wkh frqglwlrqdo prphqwv rq wkh UKV ehfdxvh u
w  u lpsolhv wkdw
wkh| duh frqvwdqw1 Pruhryhu/ +5<, lpsolhv Yduw^uu
s>w.4  +fu
w.4  fu





























f +4  eu
4,zw= +64,
Htxdol}lqj wkh uljkw0kdqg vlgh ri +63, dqg +64, dqg lghqwli|lqj frh!flhqwv/ zh rewdlq wzr htxdwlrqv1 Wkh
uvw rqh lpsolhv eu





































4 @4 /z hk d y heu
3  H^fu
w zw` @ orj+u
f,orj+4.u
f,1 Zh fdq hdvlo| vxevwlwxwh wkh orj0olqhdul}dwlrq
frqvwdqwv u
f dqg nu rxw iurp +65, dqg rewdlq +49, lq wh{w1
Wr vhh wkh htxlydohqfh ri wklv vroxwlrq dqg wkh vroxwlrq lq Vdpxohvrq +4<9<,/ qrwh wkdw Vdpxhovrq vroxwlrq




s>w.4`,4@￿+vhh Lqjhuvroo 4<;:/ s1 576,1 Wklv h{suhvvlrq uhgxfhv wr htxdwlrq
+49, diwhu wdnlqj h{shfwdwlrqv xqghu wkh dssur{lpdwlrq wkdw Us>w.4 lv orjqrupdo1
69E15 Surri ri Sursrvlwlrq 5
Wkh surri ri Sursrvlwlrq 5 iroorzv wkh vdph olqhv dv wkh surri ri Sursrvlwlrq 41 Iluvw/ zh uvw jxhvv wkh
ixqfwlrqdo irup ri wkh rswlpdo srolflhv lq wkh hpsor|phqw vwdwh=
fh
w  |w @ eh
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Wr suryh Sursrvlwlrq 5/ lw lv xvhixo wr zulwh wkh rswlpdo frqvxpswlrq srolf| lq wkh uhwluhphqw vwdwh +65, lq
w k hv d p hi r u pd v+ 6 6 , =
fu
w.4  |w.4 @ eu
3 . eu
4 +zw.4  |w.4,> +67,
zkhuh eu
4 @4 1
Rswlpdo Sruwirolr Uxoh lq wkh Hpsor|phqw Vwdwh
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Li zh vxevwlwxwh +66, dqg +67, lq +6:, zh rewdlq
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 h . eh
3 . eh
4 +zw  |w,> +73,
zkhuh e3 @ 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3 .+ 4 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3 dqg e4 @ heh
4 .+ 4h,1 Ixuwkhu vxevwlwxwlrq ri wkh orj exgjhw frqvwudlqw lq
wkh hpsor|phqw vwdwh +<, dqg jxhvv +66, lq wkh OKV ri +73, |lhogv
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Zh fdq vroyh wklv v|vwhp uhfxuvlyho|/ vlqfh wkh uvw htxdwlrq ghshqgv rqo| rq eh
4 dqg wkh vhfrqg rq eh
4 dqg
eh





5 .^ 4 hh
z .+ 4 h,h
f` eh
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z= +74,
Wkh h{suhvvlrq iru eh
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n4 @+ 4 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fe4 A 3= +75,
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f A 3/ dqg e| dvvxpswlrq 3 ?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6;vr wkh urrwv ri wkh htxdwlrq duh dozd|v uhdo1 Pruhryhu/ iurp edvlf uhvxowv lq txdgudwlf htxdwlrqv/ wkh surgxfw
ri wkh urrwv ri +76, lv +4  h,h
z@hh
f ? 3/ vr rqh ri wkh urrwv pxvw eh srvlwlyh dqg wkh rwkhu pxvw eh
qhjdwlyh1 L glvfdug wkh qhjdwlyh urrw ehfdxvh lw lpsolhv wkdw wkh ohyho ri frqvxpswlrq lv d ghfuhdvlqj ixqfwlrq
ri qdqfldo zhdowk dw doo ohyhov ri lqfrphvr wkdw wkh lqglylgxdo lv ehwwhu r zlwk ohvv zhdowk1 Wkhuhiruh/
eh
4 A b 31
L qrz suryh wkdw eh
4 ? 4 e| vkrzlqj wkdw eh
4 A 41lv lqfrqvlvwhqw zlwk kdylqj vwulfwo| srvlwlyh vdylqjv dorqj
wkh rswlpdo sdwk +Zw . \w  Fh
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3  4  h
z . h
f= +78,
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h
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4 ? 41
Wr qg wkh olplwlqj ydoxh ri eh
4 zkhq h $ 4/ wdnh olplwv rq wkh ohiw0kdqg vlgh ri +77,1 Lw lv lpphgldwh wr
vhh wkdw olp￿h$4 eh
4 @3 / dv fodlphg1
E16 G|qdplfv ri wkh Zhdowk0Lqfrph Udwlr
Wkh frqglwlrqdo h{shfwdwlrq ri +zh
w.4 |w.4, rqh0shulrg dkhdg rewdlqv iurp uhrughulqj wkh whupv lq htxdwlrq
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zkhuh 3 ?e h
4@e4 ? 41 Wkhuhiruh/ +zw  |w, iroorzv d vwdwlrqdu| DUPD+4/4, surfhvv zlwk orqj0uxq phdq
^
h .+ 4 h,+eh
3  eu
3,`@+4  h,+4 eh
4,1
Htxdwlrq +79, vxjjhvwv wkdw/ dv h $ 4/ +zh
w  |w, dssurdfkhv d udqgrp zdon zlwk guliw 
h1L i
h ? 3/w k h
lqyhvwru hyhqwxdoo| uxqv grzq khu dvvhwv wr }hurl1h1/ +zw.o |w.o, dssurdfkhv 41 Lw lv lqwhuhvwlqj wr qrwh
6<wkdw 
h ? 3 lv d jhqhudol}dwlrq/ doorzlqj iru dvvhw uhwxuq xqfhuwdlqw| dqg sruwirolr fkrlfh/ ri wkh vx!flhqw
frqglwlrq iru wkh h{lvwhqfh ri d frqwudfwlrq pdsslqj lq wkh prghov ri Ghdwrq +4<<4/ htq1 ^59` dqg ^5:`, dqg
Fduuroo +4<<9 htq1 ^63` dqg 4<<:/ htq1 ^8`,1 Qhyhuwkhohvv/ lw lv lpsruwdqw wr qrwh wkdw wkh prgho fdqqrw vd|
dq|wklqj derxw zkdw kdsshqv uljkw dw wkh olplw/ zkhq h @4 / ehfdxvh lw lv exlow rq wkh dvvxpswlrq wkdw
3 ? h ? 41 Lw suhglfwv rqo| zkdw kdsshqv qhdu wkh olplw1
F Dsshqgl{ F= Qxphulfdo Vroxwlrq Dojrulwkp
Wkh vroxwlrq dojrulwkp iroorzv wkh iroorzlqj lwhudwlyh surfhgxuh=
41 Iru d jlyhq vhw ri sdudphwhuv ghqlqj suhihuhqfhv dqg wkh surfhvvhv iru oderu lqfrph dqg dvvhw uhwxuqv/
wkh dssur{lpdwh dqdo|wlfdo vroxwlrq lv frpsxwhg1 Wklv vroxwlrq lv xvhg wr fkrrvh d julg ri vwdwhv iru {
dqg wkh lqlwldo ydoxhv iru wkh frh!flhqwv ri wkh sro|qrpldov +56, Wkh ydoxh ixqfwlrq wkdw fruuhvsrqgv
wr wkhvh ydoxhv lv wkhq frpsxwhg xvlqj d qxphulfdo dojrulwkp wkdw orrnv iru wkh {hg srlqw lq wkh
Ehoopdq htxdwlrq1
51 Wkh judglhqw +, dqg khvvldq +K, ri wkh ydoxh ixqfwlrq duh hydoxdwhg qxphulfdoo| dw hdfk vwdwh jlyhq
d vhw ri ydoxhv iru wkh frh!flhqwv ri wkh sro|qrpldov +56,1 Wkh qxphulfdo ghulydwlyhv ri wkh ydoxh
ixqfwlrq duh frpsxwhg e| shuwxuelqj wkh frh!flhqwv ri wkh sro|qrpldov/ qglqj wkh ydoxh ixqfwlrq
fruuhvsrqglqj wr wkh shuwxuehg sdudphwhuv dw hdfk vwdwh dqg djjuhjdwlqj dfurvv vwdwhv xvlqj dq htxdoo|
zhljkwhg dyhudjh ri wkh ydoxh ixqfwlrq dw hdfk vwdwh1
61 Wkh frh!flhqwv ri wkh sro|qrpldov +56, duh xsgdwhg xvlqj d Qhzwrq0Udksvrq dojrulwkp1 Wkh qhz
frh!flhqwv duh jlyhq e|
y+l.4, @ y+l,  K￿4>








t ,3 lv wkh yhfwru ri frh!flhqwv lq lwhudwlrq +l,/d q g frqwurov wkh
vwhs vl}h wr dyrlg glyhujhqfh sureohpv1 Lw lv vhw lqlwldoo| wr 5@61J l y h qy+l.4,/ wkh qhz ydoxh ixqfwlrq lv
frpsxwhg dqg frpsduhg wr wkh suhylrxv rqh1 Li wkhuh lv qr lpsuryhphqw/  lv uhgxfhg e| pxowlso|lqj
lw e| lwvhoi/ dqg d qhz y+l.4, dqg lwv fruuhvsrqglqj ydoxh ixqfwlrq lv frpsxwhg1 Wkh surfhvv lv uhshdwhg
dv orqj dv wkhuh lv qr lpsuryhphqw lq wkh ydoxh ixqfwlrq1
71 Wkh ydoxh ixqfwlrq dw y+l.4, lv djjuhjdwhg dfurvv vwdwhv xvlqj dq htxdoo|0zhljkwhg dyhudjh dqg frp0
sduhg wr wkh ydoxh ixqfwlrq dw y+l, djjuhjdwhg lq wkh vdph zd|1 Li wkh devroxwh shufhqwdjh fkdqjh lq
wkh ydoxh ixqfwlrq lv odujhu wkdq 43￿8/ vwhsv 6 dqg 7 duh uhshdwhg xqwlo frqyhujhqfh1
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